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The discovery of the Higgs boson at the CERN Large Hadron Collider (LHC) in 2012 has
lled in the last missing piece of the Standard Model (SM). Yet we would like to know
where the next physics scale above the electroweak scale lies. In this thesis, I focus on two
directions to search for possible new physics beyond the SM: the Higgs boson and the dark
matter. As the recently discovered Higgs boson may serve as a lamppost for new physics
search, it is of great importance to scrutinize its properties and look for possible deviations
from the SM. In particular, we study the Higgs boson rare decays to a pair of fermions
associated with a photon and its observability at the LHC, and exploit h! cc to probe the
charm-quark Yukawa coupling. On the other hand, the existence of the dark matter has been
well-established via many astronomical observations, in spite of its unknown particle origin.
The TeV scale naturally appears if we assume that the correct dark matter abundance is
achieved via thermal freeze-out with interaction strength of electroweak force, which is known
as the \WIMP miracle". It is crucial to search for such dark matter particles at the colliders.
Future high-energy colliders provide excellent environments not only for discovering such
particles but also for examining its properties such as spin and coupling structure. We study
the search strategies and the observability of weakly interacting massive particles (WIMP)
with compressed spectra at the future colliders, and exploit single-photon processes and
antler-topology processes to determine not only the spins but also the coupling structures at
future high-energy e+e  colliders.
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1.0 INTRODUCTION
With the recent triumph of the Higgs boson discovery in 2012 at the CERN Large Hadron
Collider (LHC) [1, 2], there have been uninterrupted successes in particle physics for the
last half century, and we have completed the Standard Model to great precisions. While
the Standard Model could be valid all the way up to the Planck scale, however, many
profound puzzles of nature still need to be answered. For example, there is a huge hierarchy
between the electroweak (EW) scale and the Planck scale. Since the radiative corrections
to the Higgs boson mass is quadratically sensitive to the new physics scale, a 125 GeV
Higgs boson requires huge cancellations, which makes our theory seem highly ne-tuned.
Also, the particle nature of the dark matter still remains unknown, in spite of the evidence
from various astronomical observations. The existence of nonzero neutrino masses is a clear
indication of physics beyond the Standard Model (BSM), but we still have no clue regarding
to the origin of such masses. As this list continues, new physics should be expected to
appear at some point to address these fundamental questions. However, despite of many
plausible arguments, there is no clear sign of where the next physics scales are or should be,
which posts an intriguing challenge for particle physics. This thesis attempts to tackle a few
phenomenological issues in the hope to shed light on some of these questions.
1.1 HIGGS BOSON AND YUKAWA COUPLINGS
Although all the studies indicate that the recently discovered particle is consistent with the
Standard Model (SM) Higgs boson [3], there are only a handful leading channels observed
at the LHC and accuracies on the branching fraction measurements, even assuming it is the
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SM Higgs boson, are still no better than about 10%. There are compelling motivations that
the SM needs to be extended, including the particle dark matter, the origin of the neutrino
mass, and perhaps the most puzzling related to the electroweak scale, the \naturalness" for
the Higgs boson mass in the SM. Therefore, more detailed studies regarding the properties
of the Higgs boson are necessary to test the SM and to look for possible new physics beyond
the Standard Model.
With a large amount of data being accumulated at the LHC Run-2 and the higher
luminosity expectation of 3 ab 1 (HL-LHC), one would expect to produce a large sample,
eventually reaching about 50 pb 3 ab 1  150 million Higgs bosons. As thus, searching for
rare decays of the Higgs boson becomes feasible and thus increasingly important to test the
Higgs sector in the Standard Model and to seek for new physics beyond the SM. Therefore, it
is of fundamental importance to establish the pattern of the Higgs boson Yukawa couplings
to fermions in order to verify the Standard Model (SM) and seek hints of physics beyond
the SM (BSM). The couplings to third generation fermions have all been observed with over
5 signicance. For top quarks, there is a large indirect contribution to the gluon-gluon
fusion production mode and the photon-photon decay mode. However, direct observation
is important to ensure there are no BSM quantum corrections to Higgs boson production
or decay. Both the ATLAS and CMS collaborations have recently observed the production
of top quark pairs in association to the Higgs boson [4, 5] as well as Higgs boson decays to
bottom quark pairs [6, 7]. For leptons, the challenging decay channel h ! +  reached
5 already from the LHC Run 1 data [3] and now ATLAS and CMS have both individually
observed this decay mode [8, 9]. With the upgrade of the LHC to its high-luminosity phase
(HL-LHC), the Higgs boson coupling measurements to the heaviest generation of fermions
will reach an accuracy of about or better than 20% [10] and will extend to kinematic regions
with high transverse momenta of the Higgs boson (phT ) [11,12].
Direct observations of the Higgs couplings to the second-generation of fermions will be
critically important to conrm the pattern of non-universal Yukawa couplings and search
for deviations from the SM as predicted in theories with an extended Higgs sector [13]. The
channel h! +  is the cleanest Higgs boson signal of all decay modes [14,15]. Even with
a branching fraction as small as 2  10 4, ATLAS and CMS almost have the sensitivity to
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the SM rate [16, 17] and a measurement with an accuracy of 13% is expected at the HL-
LHC [18]. In contrast to h ! + , the second generation hadronic decay modes of the
Higgs boson are very dicult to distinguish from SM backgrounds, including other Higgs
boson decays. While b-jet tagging is a powerful tool for rejecting backgrounds, c-jets are
harder to distinguish from b and light jets [19{21] and strange-jets are nearly identical to up-
and down-quark jets [22,23]. The h! cc branching ratio is expected to be about 3%, so the
challenge is background rejection and triggering, not statistics. The Higgs boson rare decays
to a light fermion pair are usually very dicult to observe because of the suppression by the
small Yukawa couplings. For instance, the branching fraction of h ! e+e  is O(10 8), and
thus hopeless to detect this decay channel at colliders.
In this thesis, we studied the Higgs boson rare decay channels h! f f where f = ; ; e
and b; c and their observability at the LHC, in Chapter 2. In Chapter 3, we examine the
feasibility of a Higgs-charm Yukawa coupling measurement in the h! cc channel at the HL-
LHC. By proposing an optimal triggering strategy and simulating realistic detector eects,
we show that a coupling of about 8 times the SM value may be reached at 95% condence
after the HL-LHC. This approach is complementary and competitive with other methods.
1.2 DARK MATTER AT FUTURE COLLIDERS
Many models beyond the SM [24{36] have been proposed and studied not only to resolve
several conceptual issues like the gauge hierarchy problem but also to explain the dark
matter (DM) composition of the Universe with new stable weakly interacting massive parti-
cles [37{39]. As a plausible candidate for the dark matter (DM) in the Universe, such weakly
interacting massive particles (WIMP) are being intensely searched for both in laboratory ex-
periments and through a broad range of astrophysical probes [38,40].
Among the multitude of possibilities for particle DM, WIMPs remain a highly motivated
candidate due to the predictable nature of the thermal relic abundance, and the correlated
predictions for their experimental and observational probes. WIMP dark matter particles
that belong to a multiplet of the standard model weak interactions are one of the best
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representatives, but are often challenging to probe in direct detection experiments due to
loop-suppressed scattering cross-sections. Searches at hadron colliders are thus crucial for
testing such a scenario, and depending upon the gauge representation, can be complementary
to indirect detection probes in dierent mass windows. Moreover, since the relic abundance
of electroweak DM is uniquely determined by its mass value, they represent a well-dened
target in the collider search for DM in general. In Chapter 4, we studied collider probes
of two representative scenarios for electroweak DM, namely a wino-like SU(2)L triplet and
a Higgsino-like SU(2)L doublet at three at three dierent future hadron colliders: the high-
luminosity HL-LHC, the proposed 27-TeV LHC upgrade (HE-LHC) and the 100-TeV FCC-
hh/SppC.
Once any new particle indicating new physics beyond the SM is discovered at the LHC
or high energy e+e  colliders, one of the rst crucial steps is to experimentally determine
its spin as well as its mass because spin is one of the canonical characteristics of all parti-
cles required for dening a new theoretical framework as a Lorentz-invariant quantum eld
theory [41]. However, a (discrete) symmetry such as R parity in supersymmetric (SUSY)
models and Kaluza-Klein (KK) parity in universal extra-dimension (UED) models is gener-
ally introduced to guarantee the stability of the particles and thus to explain the DM relic
density quantitatively. As a consequence, the new particles can be produced only in pairs
at high energy hadron or lepton colliders, leading to challenging signatures with at least two
invisible nal-state particles.
At hadron colliders like the LHC such a signal with invisible particles is usually insu-
ciently constrained for full kinematic reconstructions, rendering the unambiguous and precise
determination of the masses, spins and couplings of (new) particles produced in the inter-
mediate or nal stages challenging, even if conceptually possible, as demonstrated in many
previous works on mass measurements [42{60] and on spin determination [61{86].
In contrast to hadron colliders, an e+e  collider [87{93] has a xed center-of-mass (c.m.)
energy and c.m. frame and the collider can be equipped with longitudinally and/or trans-
versely polarized beams. These characteristic features allow us to exploit several comple-
mentary techniques at e+e  colliders for unambiguously determining the spins as well as
the masses of new pairwise-produced particles, the invisible particles from the decays of the
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parent particles and the particles exchanged as intermediate states, with good precision.
In Chapter 5 and 6, we provide systematic and detailed methods not only for determining
the spins of the (nearly) invisible particles unambiguously, but also for characterizing each of
the three benchmark scenarios through single-photon processes and antler-topology processes
at e+e  colliders by exploiting electron and positron beam polarizations. We nd that, if
kinematically accessible, the spins and coupling strengths of the invisible particles to =Z
in such single-photon processes can be determined clearly by exploiting the initial electron
(and positron) beam polarization and investigating the threshold excitation patterns of the
processes.
The thesis is arranged in the following structure. After an introduction, in Chapter 2,
we studied the Higgs boson rare decay channels h! f f where f = ; ; e and b; c and their
observability at the LHC. In Chapter 3, we examine the feasibility of a Higgs-charm Yukawa
coupling measurement in the h ! cc channel at the HL-LHC, by proposing an optimal
triggering strategy and simulating realistic detector eects. In Chapter 4, we studied collider
probes of two representative scenarios for electroweak DM, namely an wino-like SU(2)L triplet
and a Higgsino-like SU(2)L doublet at three at three dierent future hadron colliders: the
high-luminosity HL-LHC, the proposed 27-TeV LHC upgrade (HE-LHC) and the 100-TeV
FCC-hh/SppC. In Chapter 5, we study the pair production in association with a hard photon
radiation in high energy e+e  collisions, to explore three characteristic scenarios, each of
which has a nearly degenerate pair of a charged state and a neutral state with a small mass
dierence. In Chapter 6, we carry out a systematic study of kinematic observables connected
with the antler-topology process e+e  ! P+P  ! `+` D0 D0 which could serve as model-
independent tests for determining the spins of the charged particles P and the invisible
neutral particles D0 and D0 as well as the intermediate virtual particles participating in the
production process.
As of this writing, the relevant publications can be found in Refs. [94{99].
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2.0 RADIATIVE HIGGS DECAY TO A FERMION PAIR
In this chapter, we study other rare decay channels: the Higgs radiative decay to a fermion
pair h ! f f. Firstly, this decay channel receives contribution that is proportional to the
Higgs-fermion interaction strength, which may provide a complementary way to measure
certain Yukawa couplings. Secondly, as it also receives contributions from electroweak (EW)
one-loop diagrams [100], this channel is not necessarily governed by the Yukawa coupling
for light fermions, leading to violation of the Yukawa scaling. Due to this enhancement, the
Higgs transitions to light fermions may be observable via the radiative decays despite the
smallness of fermion masses. The searches for those Higgs decays are not only to test the
consistency of the SM, but also to seek for potential new physics in either the Yukawa or
the electroweak sector [101{104]. We present our systematical treatment to such channels
from the observational points of view at the LHC. We lay out the kinematical features for
the leptonic channels h! + ; e+e  near ; Z poles and the interplay in between, and
propose new cuts based on the kinematical features to optimize the on-going searches. We
also motivate a new search for h! +  which should be within the scope of observability
for a Higgs rare decay at the LHC. Furthermore, we propose another new channel h! cc
to be searched for at the LHC, which could complement the existing proposals on probing
the charm-quark Yukawa coupling at the LHC. In the due course, we point out the numerical
signicance of the QED running mass concerning the future precision Higgs measurements
of the Yukawa couplings.
The rest of the chapter is organized as follows. We present the full one-loop electroweak
corrections to the decay h ! f f in Sec. 2.1 and show the kinematical features by some
dierential distributions. We then discuss the observability of the leptonic channels at the
LHC in Sec. 2.2. We nally study the dicult channel h! cc in Sec. 2.3. We summarize
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our results in Sec. 2.4.
2.1 h! f f() AT ONE-LOOP
It is well known that the tree-level decay width for h! f f as shown in Fig. 2.1a is
 0h!f f =
y2fNc
16
mh 
3
f ; f =
s
1  4m
2
f
m2h
: (2.1)
where, in the SM, the Yukawa coupling is yf =
p
2 mf=v, and the color factor Nc = 3 (1) for
a color triplet (singlet) fermion. Quantum chromodynamics (QCD) corrections to the decay
of the Higgs to a quark pair have been known up to N4LO at O(4s) [105{107]. To serve as
a comparison with the current work, we write the expression as
 NLO QCD =  
0

1 + CF
s

17
4
+O(2s)

;  0 =
Nc
8
mh
m2f
v2
3f ; (2.2)
where 2s and m
2
f are the renormalized QCD running coupling and quark mass, respectively,
to the scalem2h in the MS subtraction scheme, and the color factor CF = (N
2
c  1)=2Nc = 4=3.
The most signicant eect is due to the running of the quark mass from 0 = mf to  = mh
[108{112]. For the sake of illustration and comparison, we only give the one-loop QCD
running mass expression as
m() = m(0)

s()
s(0)
 0
b0
= m(0)

1 +
b0
4
s(0) ln
2
20
  0
b0
(2.3)
where 0 = 4 and b0 = 11  2nf=3 in QCD.
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2.1.1 O(y2f) corrections
Similar to the above, QED corrections to the Higgs radiative decay at O(y2f), depicted in
Figs. 2.1b 2.1d, have the same form except for the color factor and the electric charge of
the fermions [113],
 NLO QED =  
0

1 +Q2f


17
4
+O(2)

: (2.4)
Therefore, the QED corrections to the partial width at the next-to-leading order (NLO)
contribute about Q2f  O(1%) to the Higgs partial width to a fermion pair. Analogous
to QCD, we should also take into account the eect of QED running mass, which can
be calculated using Eq. (2.3) with 0 = 3Q
2
f and b0 =  4
P
f Q
2
f=3 in QED. This 1-loop
running from mf to mh will change the fermion mass by about 4% for the electron and about
0:1% (0:8%) for the b-quark (c-quark), comparable to the x-oder QED correction as above.
The running mass eect from N4LO QCD [114,115] and NLO QED are summarized in Table
2.1. The dierence between the QED resummed running mass in Eq. (2.3) and its O()
expansion is relatively small due to the weakly-coupled nature of QED, and contributes to
the NLO QED corrections at percentage level, as shown in the parentheses in Table 2.1.
The entries in the last column of Table 2.1 are evaluated with the running Yukawa coupling
eects, using the LO partial width formula of Eq. (2.1). We note that the full SM prediction
for the Higgs total width is 4.1 MeV [116].
The complete EW corrections to h! f f partial width at O(y2f) is
 EW =  
0
 
2mQEDf
mf
+Q2f


17
4
+ weak +O(2)
!
; (2.5)
where mQEDf = m(mh)   m(mf ) as listed in Table 2.1, and weak follows the on-shell
denition in [117]. The two terms of QED are for mass and vertex corrections and they have
opposite signs. The 1-loop EW diagrams as shown in Figs. 2.1b 2.1g are all proportional to
mf , and thus we will refer this section as \Yukawa corrections". We also refer the exclusive
real photon emission represented by Fig. 2.1d as \QED radiation" in later sections. EW
corrections with higher-order loops up to O(s) [118] and O(2sGFm2t ) [119,120] have also
been calculated, that we will not include in the current study.
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As the precision of the Higgs measurements improves in the future, it will become neces-
sary to take these corrections into account. In particular, the projected precision of the hbb
coupling determination was estimated to be 0:3% at the International Linear Collider [121].
2.1.2 O(y2t3; 4) corrections
Besides the O(y2f) corrections from the chirality-ipping diagrams governed by the Yukawa
couplings, the decay of a Higgs boson to a pair of fermions plus a photon can also be induced
by electroweak loops of top quark and gauge bosons. Figure 2.2 shows some representative
electroweak one-loop diagrams. According to their distinctive kinematics and couplings, they
can be cast into ve classes:
I. h! Z ! f f (Figs. 2.2a, 2.2b)
II. h!  ! f f (Figs. 2.2a, 2.2b)
III. Z-boson box or triangle with nal state radiation (Figs. 2.2c, 2.2d)
IV. W -boson box or triangle with nal state radiation (Figs. 2.2c, 2.2d, 2.2e)
V. top-quark box or triangle with nal state radiation (Figs. 2.2f, 2.2g, 2.2h, only for
h! bb)
We will call them collectively the \EW+" contributions, distinctive from the chirality-
ipping Yukawa corrections in Sec. 2.1.1. The interference between the QED radiation in
Fig. 2.1d and the EW+ processes in Fig. 2.2 is suppressed bymf=MW , as they have dierent
chiral structures for the nal state fermions. The EW+ loops are nite at the ultra-violet
(UV) so that there is no need for renormalization, as pointed out in Ref. [122].
In the infrared (IR) limit, the amplitude in Fig. 2.2 is proportional to the fermion mass
mf due to the chiral structure and the QED Ward-Takahashi identity. This is also true in
the collinear region for diagrams in Figs. 2.2c and 2.2f, where the amplitude factorizes into
that of h! f f convolved with a collinear splitting. Therefore, the IR/collinear singularities
do not show up in the massless limit mf ! 0. This behavior of Fig. 2.2 remains to be valid
to all orders in perturbation theory because of the chiral symmetry. In the limit mf ! 0,
however, the diagrams in Figs. 2.2a and 2.2b diverge as the invariant mass of the fermion
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pair approaches the photon poleMf f ! 0. Therefore, a nite fermion mass needs to be kept
for Figs. 2.2a and 2.2b so that M2
f f
> 4m2f , to regularize the divergent behavior.
We perform the calculation in the Feynman gauge. As a cross check, the analytic re-
sults have been calculated and given in [100], where a non-linear R gauge was used. All
the diagrams are generated by FeynArts [123], and FeynCalc [124] is used to simplify the
amplitudes further. The numerical evaluation of all Passarino-Veltman loop integrals [125]
are performed by LoopTools [126]. And we use Vegas [127] as the phase space integrator.
2.1.3 Partial decay widths
The Yukawa corrections as in Figs. 2.1b 2.1g are of the order y2f, governed by the Yukawa
couplings, while the EW+ loops in Figs. 2.2a, 2.2f 2.2h involve tth coupling and are thus
of the order y2t
3, and the order of 4 for Figs. 2.2b 2.2e. We present our results for these
two decay mechanisms in Table 2.2. The rst column shows the NLO EW corrections to the
Yukawa interactions as given in Eq. (2.5). The inclusive corrections are small and negative.
The second column gives the one-loop EW+ contributions at the order of y2t
3 and the order
of 4, including their interference. The dominant EW+ contributions are from diagrams
in Figs. 2.2a and 2.2b, featured by ; Z ! f f . The rest of the diagrams is sub-leading
and contributing about a few percent. As seen, those contributions from EW+ loops are
essentially independent of the light fermion masses and thus independent of the Yukawa
couplings. The moderate dependence on the mass is due to the kinematical enhancement
from the photon splitting nearMf f  2mf . In comparison with these two decay mechanisms
of the Yukawa corrections and EW+ contributions, we see that the orders of magnitudes are
comparable for the cc case. The Yukawa corrections dominate over the EW+ contributions
for the decays to bb and + , while it becomes the other way around for +  and e+e ,
due to their much smaller Yukawa couplings.
From the observational point of view with the f f events, we require a photon in the
nal state to satisfy the minimal acceptance cuts1
E > 5 or 15 GeV and Rf ; R f > 0:4; (2.6)
1The kinematical variables here are in the Higgs boson rest-frame. In realistic simulations, one may need
to evaluate them in the lab frame.
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with the separation dened in the pseudo rapidity-azimuthal angle space Rf = (
2 +
2)1=2. In Table 2.2, we list the partial widths and the branching fractions (BR) in the last
two columns with a photon satisfying the cuts in Eq. (2.6). We note that the exclusive partial
widths of f f can be sizable. The branching fractions of bb; +  are of the order of 0:2%,
largely from the QED radiation and thus quite sensitive to the photon energy threshold. The
branching fraction of cc, on the other hand, is about 610 4, with comparable contributions
from the QED radiation and EW+ processes, and thus also rather sensitive to the photon
energy cut. Those for e+e  and +  are about 10 4, dominantly from the EW+
processes and thus insensitive to the photon energy threshold, to be further discussed below.
It is interesting to note that it would be totally conceivable for observation of those clean
leptonic channels at the HL-LHC. We also show the Higgs decay branching fractions to
fermions in Fig. 2.3. It is quite informative to compare our results for the exclusive radiative
decays h! f f with those from h! f f .
It is interesting to explore some kinematical distributions to appreciate the underlying
decay mechanisms and to guide future experimental searches. In Fig. 2.4, we show the photon
energy distributions in the Higgs boson rest frame for the individual fermionic channels for
the QED radiation (solid blue curves) and for the EW+ processes (solid red curves) and
the total (upper curves). The E spectrum of the QED radiation exhibits the common
infrared behavior: the observable photon energy spectrum diverges like dE=E, although
the inclusive integrated rate is nite due to the cancelation from the virtual loop diagrams.
The energy spectrum of the EW+ processes, on the other hand, exhibits a double-hump
structure as seen from the red curves in Fig. 2.4, characterizing the two dominant underlying
processes
E =
mh
2
(1  m
2
Z
m2h
)  30 GeV; for Z production; (2.7)
E =
mh
2
(1  m
2

m2h
)  63 GeV; for  production: (2.8)
The diagrams of Figs. 2.2c and 2.2e have a spurious divergence in the infrared (soft) and
collinear region. However, in the soft/collinear limit, the amplitude has to be proportional
to the fermion mass due to conservation of angular momentum, and thus vanishes in the
massless limit, as conrmed by the plots here.
11
We also show the invariant mass distributions of the fermion pairs in Fig. 2.5. Generally
speaking, there is a correlation between the invariant mass and the energy as M2ff = m
2
h  
2mhE. While the invariant mass spectrum of the QED radiation has a rather smooth
distribution, those from EW+ processes are again seen with the double-humps, one near
the Z-pole and another near m  2mf , which becomes more pronounced for a smaller
fermion mass. This is the reason why the decay rate for e+e  is larger than that for
+ .
Finally, we show in Fig. 2.6 the distributions of the photon separation from the fermions,
dened in Eq. (2.6). As expected, the QED radiation exhibit a collinear divergence near
Rf ! 0, and the EW+ processes lead to a back-to-back structure Rf ! .
2.2 LHC SEARCH FOR `+` 
In the upcoming and future LHC programs, it is of fundamental importance to observe the
Higgs boson rare decays to check the consistency of the SM and seek for hints for new physics.
Given the anticipated large yield at the HL-LHC, reaching about 150 million Higgs bosons,
the very clean nal states `+`  (` = ; e) should be among the rst to look for. We now
discuss their observability at the LHC.
As mentioned in Sec. 2.1.3, the radiative decays h! +  and h! e+e  are mainly
from the chirality-conserving EW+ loop diagrams. As seen from Figs. 2.5d and 2.5e, the
leading contributions are from h ! ; Z ! `+`  [128{133]. It is thus a good search
strategy to focus on the -pole and the Z-pole. Some searches have been carried out by
ATLAS [134] and CMS [135, 136] at the 7  8 TeV LHC. We present our analyses below in
the hope to serve as a theoretical guidance for the future experimental searches at the LHC.
We focus on the leading production for the Higgs boson via the gluon fusion. The QCD
corrections are taken into account by multiplying a at NNLO QCD K-factor of K = 2:7
for the gluon fusion [137]. The dominant SM background is the Drell-Yan production of the
lepton pair `+`  with an initial/nal state photon radiation. We calculate the background
processes at LO using MadGraph [138], and then multiplied by at QCD K-factors K = 1:4
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for pp! Z ! `+`  [139], and K = 6:2 for pp!  ! `+`  [140].
2.2.1 h!  ! `+` 
To make the close connection with the LHC searches, we rst follow the event selection cuts
adopted by the CMS collaboration [136]. As the invariant mass of the lepton pair approaches
to 2mf , the lepton pair tends to be collimated. This becomes particularly challenging for the
electron channel, because the electron pair merges into one supercluster. Therefore, a single
muon plus a photon trigger for the muon channel and a di-photon trigger for the electron
channel are implemented. To select the signal events near the -pole from the Higgs decay
and eectively suppress the backgrounds, we require the invariant masses to be
M < 20 GeV; Mee < 1:5 GeV; 120 GeV < M`` < 130 GeV: (2.9)
The leading (sub-leading) muon must satisfy the acceptance of the transverse momentum
and pseudo-rapidity
pT > 23 (4) GeV; jj < 2:4: (2.10)
The electrons must satisfy
jpTe+j+ jpTe j > 44 GeV; jej < 1:44: (2.11)
so that a multivariate discriminator can be used to separate  ! e+e  from jets or single
electrons [136].2 The photon must satisfy the following acceptance and be well-separated
from leptons
pT > 0:3M``; jj < 1:44; R` > 1: (2.12)
We would like to point out that, given the well-predicted kinematical properties of a fully
reconstructable decay of the Higgs boson, the analyses may be improved by further utilizing
the signal kinematical features. One of striking features is the mono-chromatic nature of the
photon as given in Eqs. (2.7) and (2.8). We thus propose to tighten the Higgs mass cut in
2CMS trained a discriminator to identify electron pairs, which they claim to have an eciency around
40%. We did not include this treatment in our simulations due to the lack of details on the discriminator.
But it would not change our conclusion even if such an eciency is included.
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Eq. (2.9) as much as experimentally feasible, then boost the system to the Higgs boson rest
frame, and impose the following cuts
60 < E < 63 GeV in the rest frame of ``; (2.13)
Another alternative option is to tighten the transverse momentum cut on the photon,
pT > 55 GeV: (2.14)
The comparison of dierent cuts are demonstrated in Table 2.3, where the cross sections of
signals and backgrounds, as well as the statistical signicances are listed. The rst row in
each block in Table 2.3 is calculated using the CMS acceptance cuts in Eqs. (2.15) (2.17),
and therefore serves as the reference to illustrate possible improvements by imposing our
addtional cuts based on kinematical features. Due to the stronger enhancement near the
photon pole  ! e+e , one would be able to reach a 4:5=14 sensitivity for the channel
h ! e+e  at the LHC with an integrated luminosity 0:3 ab 1=3 ab 1, and a 3:1=9:9
for the channel h! + . It is interesting to compare our results for the radiative decay
h ! +  with the ATLAS projection [141] for the direct decay h ! +  with the
sensitivity reach of 2:3=7:0 for 0:3 ab 1=3 ab 1. Similar results have also been obtained
by the CMS collaboration [142].
2.2.2 h! Z ! `+` 
To select the signal events near the Z-pole from the Higgs decay and eectively suppress the
backgrounds, we rst follow the CMS analysis [135] and require the invariant masses of the
nal state particles to be
M`` > 50 GeV; 120 GeV < M`` < 130 GeV: (2.15)
The leading (sub-leading) lepton must satisfy the acceptance of the transverse momentum
and pseudo-rapidity
p`T > 20 (10) GeV; jj < 2:5; jej < 2:4: (2.16)
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The photon must satisfy the following acceptance and be well-separated from leptons3
pT > 15 GeV; jj < 2:5; R` > 0:4: (2.17)
Similarily to the h !  ! `+`  study, we again propose to tighten the energy and
momentum cuts
27 <E < 33 GeV in the rest frame of ``; (2.18)
pT > 25 GeV; (2.19)
as listed in Table 2.3. Although the tight cuts do not improve the statistical signicance
signicantly for these channels, the signal-to-background ratios are improved by about a
factor of two, reaching a 1% level. This would help to keep potential systematic errors in
better control. Unlike the -pole feature discussed above, there is no appreciable dierence
between e+e  and +  channels. One would be able to reach a 1:7=5:5 sensitivity at
the LHC with an integrated luminosity 0:3 ab 1=3 ab 1. Although weaker signals than the
 channels above, these will signicantly improve the overall observability for h! `+` 
if the analyses can be combined.
2.2.3 h! J=  ! `+` 
With respect to another similar nal state from the Higgs boson decay, a comparative remark
is in order. It has been pointed out that the Higgs rare decay to a photon associated with a
heavy vector meson J= may provide the direct access to the charm-Yukawa coupling via the
clean leptonic decay channels [143]. The branching fraction in the SM is predicted [144{146]
to be
BRSM(h! J= ) = 2:79 10 6 and BRSM(h! J=  ! + ) = 2:3 10 7; (2.20)
which is very small. Furthermore, the \direct contribution" involving the charm-Yukawa
coupling is much smaller than that from the \indirect contribution" via  ! J= [144],
making the probe to the charm-Yukawa coupling in this channel extremely challenging.
3We also impose 1:44 < jj < 1:57 to simulate the CMS barrel-end cap transition region. Additional cuts
from CMS pT > (15=110)M`` and M`` +M`` > 185 GeV have been also adopted.
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Nevertheless, for comparison, this result has been marked in Figs. 2.5d and 2.5e, in units
of keV and without the photon acceptance cuts. The superb muon pair mass resolution of
the order 100 MeV would be needed in order to have a chance to dig out the weak signal
from the continuum h !  ! `+`  events, on top of the other SM background sources.
We propose to start with the larger event samples of `+`  as discussed in the last two
sections, relax the J= -specic cuts in the hope for an early observation of the h ! `+` 
signal, and then to extend the search to scrutinize the potential excess from J= ! `+` .
Dedicated searches for this decay channel have been performed by ATLAS [147] and
CMS [136]. With 20 fb 1 luminosity, both ATLAS and CMS set a bound of BR(h !
J= ) < 1:5  10 3 under the assumption of SM Higgs production. If the beyond-the-
Standard-Model (BSM) physics only enhances the charm-Yukawa coupling by a factor of c,
yBSMc = cy
SM
c ; (2.21)
then this experimental bound can be translated into a loose bound on c . 220 [148]. With
3 ab 1 luminosity at the HL-LHC, the expected upper limit to BRSM(h! J= ) is about
15 times the SM value [149], which corresponds to a upper bound of about c . 50.
2.2.4 h! + 
Besides the clean e+e ; +  nal states, the +  channel is also of considerable
interests from the observational point of view. The direct decay h! ++ has been observed
in the LHC experiments mainly via the vector-boson-fusion production mechanism [150,151].
The radiative decay channel h ! ++ may be searched for via the leading production
channel of gluon fusion. To compare the rates, we have at the 14 TeV LHC,
(WW;ZZ ! h! + ) = (4:2 pb) (6:3%)  260 fb; (2.22)
(gg ! h! + ) = (49 pb) (0:1%)  50 fb: (2.23)
Thus, it is quite conceivable to observe this radiative decay mode in the future searches. The
kinematical features of this decay will be rather dierent from those presented in the last
sections due to the dominance of the QED radiation. Because of the complexity of the tau
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decay nal states, the signal observation and the background suppression will need to be
carefully analyzed [152]. We will leave this to a future analysis.
2.3 LHC SEARCH FOR cc AND THE CHARM-YUKAWA COUPLING
It is crucially important to search for the decay h! cc, since it is the largest mode for the
Higgs boson to couple to the second generation of fermions, which would be sensitive to the
physics beyond the Standard Model. It has been pointed out that the charm-Yukawa coupling
could be signicantly modied in various BSM models [153{163]. Given the diculty as
seen above in searching for h ! J=  ! `+` , other methods have also been explored
to probe the charm-Yukawa coupling [164{170]. In this section, we discuss the possibility of
constraining the charm-Yukawa coupling using the open-avor channel pp! cc, which has
a much larger branching fraction about 4 10 4, as seen in Fig. 2.3. The additional photon
radiation may serve as the trigger and is in favor of picking out the cc events over bb due to
the larger charm electric charge.
The signal events are characterized by a high-pT photon recoiling against a pair of charm-
jets. To identify such events, an ecient charm-tagging technique is required. Although
currently there is no dedicated charm-tagging being implemented at the LHC, the discrimi-
nation of a c-jet from a b-jet has been studied and used in the calibration of the b-tagging
eciency [171, 172]. ATLAS also proposed a c-tagging algorithm [20] based on the neural
network that could achieve about 20% (90%) tagging eciency with a medium (loose) cut
criteria in the search for pp! ~t~t ! (c~01)(c~01). In the current study, we choose three repre-
sentative operating points listed in Table 3.1, for the c-tagging eciency c, and b and light
jets contamination rates, b and j, respectively. When increasing the c-tagging eciency
from I to III, we must accept higher contaminations from a heavier quark and light jets.
The dominant background is the QCD di-jet plus a direct photon production, with the
jets to be mis-tagged as c-jets. Another major background is the QCD 3-jet production,
leading to two mis-tagged c-jets associated with a fake photon radiation. Following an
ATLAS analysis [173], we take the photon fake rate from a light-quark jet and from a gluon
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jet to be
q! = 0:06%; g! = 0:006%; (2.24)
respectively. We note that the fake photon contamination contributes about (10  30)% to
the total background. Another potentially large background is from jet fragmentation into
a real photon. We assume that the stringent photon isolation requirement will be sucient
to suppressed this QCD background, as pointed out in the prompt photon studies [174]. In
our simulations, we require that both the c-jets and the photon be hard and well-isolated in
the central region
pT > 20 GeV; jj < 2:5; and R > 0:4: (2.25)
The ultimate sensitivity for the signal h! cc depends on the invariant mass reconstruction
Mjj = mh, and thus the energy resolution of the charm-jets. In this study, we assume that
the Higgs resonance peak can be reconstructed within 20% and thus we require
100 GeV < Mjj < 150 GeV: (2.26)
Tightening this mass cut would linearly improve the signal-to-background ratio. We also
apply pmaxT > 40 GeV to further increase the signal-to-background ratio S=B. With these
cuts applied, the background rate at the HL-LHC would be controlled below 1 kHz, within
the detector's trigger ability. A fully implementable trigger scheme and the cut optimization
are under investigation. After the above cuts applied, we list the numbers of events in
Table 2.5 for an integrated luminosity of 3000 fb 1. We note that, within the SM, the
signal events from the QED radiation and the EW+ processes are comparable, unlike the
situation in h! J=  where the dominant contribution is from the \indirect contribution"
via  ! J= . Unfortunately, with the Standard Model predictions for the signal and
backgrounds being S=B < 10 4, it would not be promising to observe this channel at the
HL-LHC.
If the BSM physics signicantly modies the charm-Yukawa coupling as parameterized
in Eq. (2.21), then the QED radiation will be scaled by a factor of 2c . In principle, such a
deviation would also change to rate through the Higgs total width. However, since the SM
branching fraction is of O(10 4), we approximate the Higgs total width to be unchanged.
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Although both the QED radiation and EW+ processes contribute to the signal, it would
be dominated by the QED radiation if the charm-Yukawa coupling signicantly deviates
from the SM value. Therefore, considering only the statistical signicance by the Gaussian
standard deviation
SD =
NBSMSp
NB
' 
2
c N
QED
Sp
NB
; (2.27)
the 2-bounds on the charm-Yukawa coupling are obtained as
c < 12:5 (7:0); 11:1 (6:3); 11:2 (6:3): (2.28)
for operating points I, II, III with a luminosity of 3000 fb 1. Those results with the Higgs
radiative decay, although still rather weak, could be comparable to the recent studies on the
charm-Yukawa coupling [166{168, 170] and seem to be more advantageous to h ! J= .
We have complied the existing results in Table 2.6. The rst three methods listed here
rely on dierent production mechanisms and certain charm-tagging techniques with various
assumptions of c-tagging eciencies.4 Nevertheless, they tend to have better performances
than the h! J=  channel, mainly because of the larger signal rates for the open c-avor
production. Those channels should thus be complementary in the future explorations.
Before closing this section, we would like to comment on the h! bb channel at the LHC.
The current measurement on the h ! bb channel is mainly through qq ! V h production
and already of about 3 signicance with current data at the LHC [175, 176]. Although
dominated by the QED radiation, the h! bb channel is scaled down further by the bottom-
quark electric charge squared, a factor of 4, compared to h! cc. As listed in Table 2.2, the
braching fraction of h! bb with E > 15 GeV is about 500 times less than that of h! bb.
Therefore, it would be less promising for the h ! bb channel to compete with h ! bb, in
contrast to our analysis above for h! cc.
4The authors in [166] used an integrated luminosity of 2  3000 fb 1 (combining both the ATLAS and
CMS data), and the tagging eciencies c = 0:5, b = 0:2, and j = 0:005; while the authors in [167] adopted
the tagging eciencies c = 0:4, b = 0:3, and j = 0:01. If using their choices for our analysis, we would
have gotten a slightly stronger bound with c < 4:2 and 4.9, respectively.
19
2.4 SUMMARY
With a large data sample of the Higgs boson being accumulated at the LHC or anticipated
at the HL-LHC, it is strongly motivated to search for rare decays of the Higgs boson to test
the Higgs sector in the SM and to seek for hints of BSM physics. In this work, we studied
the Higgs rare decay channels h! f f where f = ; ; e and b; c and their observability at
the LHC. Our results can be summarized as follows.
 This radiative decay channel receives contributions from QED corrections to the Yukawa
interactions at O(y2f) and EW+ processes at O(y2t3; 4), as we discussed in Sec. 2.1.1
and 2.1.2. The QED corrections constitute about Q2f  O(1%) to the partial widths of
fermionic Higgs decays in particular through the running mass, and therefore should be
taken into account for future precision Higgs physics. The dierence between the QED
resummed running mass in Eq. (2.3) and its O() approximation only contributes to the
NLO QED corrections at percentage level, due to the weakly-coupled nature of QED, as
shown in Table 2.1.
 As showed in Sec. 2.1.3, the contributions from the Yukawa corrections (Fig. 2.1) and the
EW+ contributions (Fig. 2.2) exhibit quite dierent patterns for dierent fermions in
the nal state: While they are comparable for cc, the Yukawa corrections dominate for
bb; + . The EW+ loops overwhelm for + ; e+e , which results in the branch-
ing fractions of the order O(10 4) despite their tiny Yukawa couplings (see Fig. 2.3). The
main contributions in the EW+ loops are around the Z-pole, as well as the -pole near
m  2mf . The kinematic distributions, especially the photon energy distributions in
Fig. 2.4 and the invariant mass distributions in Fig. 2.5 are quite informative to reveal
the underlying decay mechanisms, and to guide the experimental searches.
 As the e+e  and +  channels exhibit the violation of the Yukawa scaling, we studied
their observability at the LHC in Sec. 2.2, taking into account the signal characteristics
and the SM background. We proposed new cuts based on the kinematical features in
Eqs. (2.13), (2.14), (2.18), and (2.19) in addition to the selection cuts by CMS. For
pp !  ! `+`  channels, the statistical signicances and the siginal-to-background
ratios are improved by about 25% and 60%, respectively. For pp ! Z ! `+`  chan-
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nels, the siginal-to-background ratios are enhanced by about 80% while the statistical
signicances stay about the same. We conclude that, with an integrated luminosity 0.3
ab 1/3 ab 1, the channels h!  ! e+e  (+ ) should be observable at the level
of 4:5=14 (3:1=9:9), and the channels h! Z ! e+e ; +  should be observ-
able at the level of 1:5=5:5. The sensitivity could be comparable to the direct search
of the two-body decay h! + .
 The decay h ! J=  ! `+`  has the same nal state but much smaller rate. The
searches for the above channels will serve as the necessary early discovery and will shed
light on the potential observation for h! J= .
 In Sec. 2.2.4, we pointed out a potentially observable decay h ! + . We proposed
the search via the leading production mechanism from gluon fusion with the help of the
additional photon.
 In Sec. 2.3, we proposed to probe the charm-Yukawa coupling via the decay channel
h! cc. With the help of future c-tagging techniques, we demonstrated that the charm-
Yukawa coupling yc can be bounded as y
BSM
c . 6ySMc at 2 level at the HL-LHC. We nd
it potentially comparable to the other related studies in the literature, and better than
the J=  channel in constraining the charm-Yukawa coupling. A more comprehensive
analysis with realistic simulations is under way.
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Figure 2.1: Representative Feynman diagrams of h ! f f and its EW radiative corrections
up to O(y2f).
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Fermion mf (mf )  m
QCD
f  m
QED
f mf (mh)  
0
h!f f
[GeV] [GeV] [MeV] [GeV] [keV]
b 4.18  1:39  5:72 (1%) 2.78 1900
c 1.27  0:657  9:33 (0:7%) 0.604 89.7
 1.78 -  27:2 (0:4%) 1.75 251
 0.106 -  4:05 (0:2%) 0.102 0.852
e 0:511 10 3 -  2:20 10 2 (0:1%) 0:489 10 3 1:96 10 5
Table 2.1: The MS running masses with N4LO QCD and NLO QED corrections. The
last column is the LO width with the running Yukawa coupling eect. The relative size
of the dierences between the QED resummed running mass in Eq. (2.3) and its O()
approximation are given in the parentheses.
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Figure 2.2: Representative Feynman diagrams of h! f f with electroweak one-loop. (f)-(h)
are present only in h! bb channel.
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Inclusive corrections Exclusive decay
Decay   (y2f)   (y
2
t
3; 4)  (f f) [keV] BR(f f) [10 4]
Channels [keV] [keV] Ecut = 5=15 GeV E
cut
 = 5=15 GeV
h! bb()  25:3 0.99 9.45/5.44 23/13
h! cc()  1:17 0.91 2.48/1.73 6.1/4.2
h! + ()  1:37 0.31 10.4/5.63 25/14
h! + ()  4:72 10 2 0.41 0.436/0.420 1.1/1.0
h! e+e ()  1:29 10 6 0.60 0.589/0.588 1.4/1.4
Table 2.2: One-loop Yukawa and EW+ corrections to Higgs fermionic decays. The rst two
columns are the inclusive corrections at the order O(y2f) and at O(y2t3; 4), respectively.
The widths and branching fractions for the exclusive decay are shown in the last two columns
(E > 5=15 GeV, and Rf > 0:4). The Higgs total width of 4.1 MeV is used to calculate
BRs.
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Figure 2.3: SM Higgs decay branching fractions to fermions with and without the additional
photon E > 15 GeV and R > 0:4.
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Figure 2.4: The photon energy distributions in h! f f (f = b; c; ; ; e) in the Higgs boson
rest frame. The blue curves are for the QED radiation (Fig. 2.1d); the red curves are for the
EW+ processes (Fig. 2.2); the upper black lines are for the total.
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Figure 2.5: The invariant mass distributions of the fermion pair in h! f f (f = b; c; ; ; e).
The blue curves are for the QED radiation (Fig. 2.1d); the red curves are for the EW+
processes (Fig. 2.2); the upper black lines are for the total. The decay widths for the
channels h! J  ! `+`  are indicated by the horizontal bars in (d) and (e), in units of
keV without the photon acceptance cuts.
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Figure 2.6: The distributions of the photon separation from the fermions in h ! f f
(f = b; c; ; ; e) in the Higgs boson rest frame. The blue curves are for the QED radiation
(Fig. 2.1d); the red curves are for the EW+ processes (Fig. 2.2); the upper black lines are
for the total.
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Channel Signal Background Statistical Signicance
[fb] [fb] with 0.3 (3) ab 1 luminosity
pp!  ! +  0.69 23.5 2.47 (7.79)
60 < E < 63 GeV 0.69 14.6 3.13 (9.89)
pT > 55 GeV 0.46 11.8 2.32 (7.33)
pp!  ! e+e  1.06 27.0 3.53 (11.2)
60 < E < 63 GeV 1.06 17.0 4.45 (14.1)
pT > 55 GeV 0.79 17.6 3.26 (10.3)
pp! Z ! +  1.40 214 1.66 (5.24)
27 < E < 33 GeV 1.10 121 1.73 (5.48)
pT > 25 GeV 0.91 95.9 1.61 (5.09)
pp! Z ! e+e  1.38 224 1.60 (5.05)
27 < E < 33 GeV 1.13 126 1.74 (5.51)
pT > 25 GeV 0.91 100 1.58 (4.98)
Table 2.3: The cross sections of signals and backgrounds, and the statistical signicances of
pp! V  ! `+` , V = Z; .
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Operating Point c b j
I 20% 10% 1%
II 30% 20% 3%
III 45% 50% 10%
Table 2.4: Representative operating points for the c-tagging eciency (c), b and light jets
contamination rates (b and j).
Luminosity Operating Signal Signal Signal Background
Point (Total) (QED) (EW+)
I 683 252 431 3:84 107
3000 fb 1 II 1537 567 970 1:25 108
III 3459 1275 2184 6:51 108
Table 2.5: Numbers of events for the signals and backgrounds with the three c-tag operating
points for an integrated luminosity of 3000 fb 1.
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Method c upper limit projection
at HL-LHC (3 ab 1)
h! cc (this work) 6.3
h! cc+t [166] 2.5
h+ c production [167] 2.6
Higgs kinematics [168] 4.2
h! J=  [149] 50
Table 2.6: Projected sensitivities for probing the hcc Yukawa coupling c = y
BSM
c =y
SM
c at the
HL-LHC with various methods.
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3.0 TESTING THE CHARM-QUARK YUKAWA COUPLING VIA h! cc
AT LHC
It is of fundamental importance to establish the pattern of the Higgs boson Yukawa couplings
to fermions in order to verify the Standard Model (SM) and seek hints of physics beyond
the SM (BSM). The couplings to third generation fermions have all been observed with over
5 signicance. For top quarks, there is a large indirect contribution to the gluon-gluon
fusion production mode and the photon-photon decay mode. However, direct observation
is important to ensure there are no BSM quantum corrections to Higgs boson production
or decay. Both the ATLAS and CMS collaborations have recently observed the production
of top quark pairs in association to the Higgs boson [4, 5] as well as Higgs boson decays to
bottom quark pairs [6, 7]. For leptons, the challenging decay channel h ! +  reached
5 already from the LHC Run 1 data [3] and now ATLAS and CMS have both individually
observed this decay mode [8, 9]. With the upgrade of the LHC to its high-luminosity phase
(HL-LHC), the Higgs coupling measurements to the heaviest generation of fermions will reach
an accuracy of about or better than 20% [10] and will extend to kinematic regions with high
transverse momenta of the Higgs boson (phT ) [11,12].
Direct observations of the Higgs couplings to the second generation of fermions will be
critically important to conrm the pattern of non-universal Yukawa couplings and search for
deviations from the SM as predicted in theories with an extended Higgs sector [13].
So far, there have been two experimental studies to probe the Higgs-charm Yukawa
coupling (yc). One approach is to use the clean associated production of the Higgs boson
with a vector boson and exploit charm tagging [21]. A key challenge with this method is
that the h ! bb contribution is large compared to the cc signal. An optimistic projection1
1This projection does not account for systematic uncertainties, nor the degradation from the extreme
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for the full HL-LHC dataset suggests that 6 times the SM rate at 95% condence level
may be achievable [177]. A second approach used exclusive decays of the Higgs into a J= 
and a photon [143]. While this nal state can be well-separated from backgrounds in the
J= ! +  channel [136, 147, 178], it suers from a small branching ratio and modeling
assumptions to extract the Higgs-charm Yukawa. In particular, the leading contribution to
this process is via the vector meson dominance  ! J= , which is an order of magnitude
larger than that involving the charm-quark Yukawa coupling [143{145], leading to a less
sensitive upper bound on yc of about 50 times of the SM prediction at the HL-LHC [149].
Another recent proposal for probing the Higgs-charm Yukawa coupling is to study the
associated production process gc! ch [167]. This has the advantage that it is independent
of the Higgs decay mode, but suers from a low rate and signicant background. Other
proposals for direct or indirect probes of rst- and second-generation quark-Higgs couplings
[168,169,179,180] are challenging due to large SM backgrounds and contamination from other
Higgs production and decay modes. A global analysis of Higgs decays can also constrain
the charm-Higgs Yukawa coupling, with a projected sensitivity of about 6 times the SM
expectation [148,170].
It has been recently pointed out that the radiative decay of the Higgs boson to a pair
of charm quarks could be used to constrain the charm-quark Yukawa coupling with the
nal state h ! cc [96]. The addition of the photon can be helpful for triggering as well
as suppressing both non-Higgs and Higgs backgrounds. In particular, the electromagnetic
coupling would disfavor the down-type quarks, especially the avor-tagged bb mode. In
this chapter, we examine the feasibility of a Higgs-charm Yukawa coupling measurement
in the h ! cc channel at the HL-LHC. By proposing an optimal triggering strategy and
simulating realistic detector eects, we show that a coupling of about 8 times the SM value
may be reached at 95% condence after the HL-LHC. This approach is complementary and
competitive with other methods. We also explore the extent to which the energy upgrade of
the LHC (HE-LHC) could improve the sensitivity.
The rest of the chapter is organized as follows. In Sec. 3.1, we consider the features for
the signal and background processes and propose an optimal but realistic trigger. In Sec. 3.2,
pile-up at the HL-LHC, including the possible increases in lepton trigger thresholds.
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we perform detailed analyses, including some basic machine learning, to obtain the optimal
signal sensitivity. We extend our analyses to the HE-LHC in Sec. 3.3. The chapter ends
with summary and outlook in Sec. 3.4.
3.1 TRIGGER CONSIDERATIONS AT HL-LHC
We focus on the leading Higgs production channel, gluon fusion, followed by the radiative
decay
gg ! h! cc: (3.1)
The signal is thus characterized by an isolated photon recoiling against two charm-tagged
jets with a three-body invariant mass near the Higgs resonance. The energy of the two charm
jets will be limited by the Higgs boson mass, and the photon tends to be soft and collinear
with one of the charm quarks. Due to the large collision rate (40 MHz), enormous inelastic
cross-section for pp ! central activity, and limitations in hardware, most collisions at the
LHC are discarded in real time. The trigger system is a key challenge for recording physics
processes with relatively soft nal states such as h! cc. The rest of this section explores
the impact of triggering on the h! cc analysis in the context of the HL-LHC.
3.1.1 Signal and background processes
Tagging jets originating from charm quarks (c-tagging) is challenging, but important for
suppressing backgrounds originating from light Quantum Chromodynamic (QCD) jets and
from b-quark jets. Encouragingly, a recent study from ATLAS [21] has shown very promising
c-tagging results. Based on the ATLAS result, three c-tagging working points listed in
Table 3.1 are studied for the h! cc search.2
One of the dominant backgrounds from the h ! cc search is QCD di-jet production
associated with a photon, where both jets are (mis-)tagged as c-jets. Similarly, QCD 3-jet
production also contributes to the background if one of the jets is mis-identied as a photon.
2We choose the c-tagging working points aiming at the rejection for the largest background of the QCD
light-jets production for given c-tagging eciencies.
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Operating Point c b j
I 20% 33% 0.13%
II 30% 33% 1%
III 41% 50% 3.3%
Table 3.1: Representative operating points for the c-tagging eciency (c), the b-jet mis-tag
rate (b), and the light jet mist-tag rate (j).
In addition to these hard-scatter background processes, one or more of the tagged objects
could come from an additional nearly simultaneous pp collision (pile-up). Many sophisticated
pile-up mitigation techniques have been proposed [181{190] which can signicantly reduce
the contamination from pile-up both in the trigger and in oine analysis. However, no
method can eliminate all of the pile-up and all methods perform worse (if even applicable)
at the trigger level. Since pile-up conditions will be extreme at the HL-LHC (typically 200
pile-up collisions), their contribution to the event rate must be taken into account.
Current and future upgrades of the ATLAS and CMS trigger systems [191,192] will allow
for multi-object requirements using oine-like information. In order to have a high eciency,
(relatively) low rate trigger for h! cc, we propose a new approach which requires two jets
and one photon in the central region with invariant mass near the Higgs resonance.
3.1.2 Simulation Setup
Since the cross section for Higgs bosons is much smaller than for multijet production, the
trigger rate is dominated by background. In order to estimate the trigger rate, the following
background processes are simulated using MG5aMCNLO [138], including up to one additional
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jet matched using the MLM prescription [193]:
pp! j and pp! jj: (3.2)
The parton shower and hadronization are simulated with PYTHIA6.4.28 [194], and a
fast detector simulation is implemented using DELPHES3 [195] with the detector card
delphes card ATLAS PilUp.tcl. Pile-up is modeled by mixing  = 200 minimum bias
events simulated using PYTHIA with the hard-scatter processes.
The ATLAS and CMS trigger systems consist of a hardware trigger (L1) and a software-
based high-level trigger (HLT). While the HLT jet resolution is very similar to oine, at
L1, the momentum resolution for jets is much worse than oine due to the coarser detec-
tor granularity and reduced information available for the reconstruction algorithms. The
event rate will have a signicant contribution from events with low transverse momenta
that uctuate high, since the pT spectrum is steeply falling. In order to model the L1 jet
resolution, a normal random number is added to each jet energy with a mean of zero and
a standard deviation of 13 GeV. This additional resolution is estimated from the trigger
turn-on curves in Ref. [196] as follows. Consider a jet trigger that requires a L1 pL1T > X
GeV. The distribution of L1 jet pT given the oine jet pT should be approximately Gaussian
(ignoring eects from the prior) with a mean  and standard deviation . Suppose that
Pr(pL1T > XjpoineT = Y ) = 50%. Since the mean and median of a Gaussian are the same, it
must be that for poineT = Y ,  = X. From Fig. 31a in Ref. [196], this procedure gives the
relationship poineT  2:5  that is nearly independent of pT . Now, suppose that the same
L1 trigger pL1T > X GeV is 99% ecient at p
oine
T = Y GeV. This means that the 3 tail
of the Gaussian with   Y=2:5 is at X. Therefore,   (Y=2:5  X)=3. Once again using
Fig. 31a in Ref. [196], this procedure gives   5 GeV, approximately independent of pT .
Translating this 5 GeV back to an oine-scale results in 52:5  13 GeV. Some degradation
in this resolution will occur between the LHC and the HL-LHC, but a signicant amount of
the loss from pile-up will be compensated by gains in performance due to detector upgrades.
In addition to degrading the resolution of reconstructed jets, pile-up is also a source
of jets from additional hard multijet events and random combinations of radiation from
multiple soft collisions. Oine, the most eective method for tagging these pile-up jets is
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to identify the hard-scatter collision vertex and then record the contribution of momentum
from tracks originating from other vertices. Full-scan tracking and vertexing is not currently
available at L1, but both ATLAS and CMS will implement some form of tracking for the
HL-LHC [191, 197{202]. Using Ref. [197] as an example, we assume a L1 tracking system
that has nearly 100% eciency for central charged-particle tracks with pT > 3 GeV and a
z0 resolution of 0.2 cm. We further assume that some timing information will be available
at L1 so that no pile-up tracks with pT > 3 GeV enter the analysis. All of these conditions
are optimistic, but are useful when setting a bound on what is achievable with the HL-LHC
dataset. Tracks that can be identied as originating from pile-up are removed before jet
clustering so that in a particle-ow-like [203, 204] jet reconstruction algorithm, pile-up jets
will be reconstructed with less energy than their true energy. To further suppress pile-up
jets, a transverse momentum fraction of tracks within a jet is constructed per jet:
rc =
P
ptrackT
pjetT
; (3.3)
where ptrackT is the transverse momenta of L1 reconstructable tracks and p
jet
T is the transverse
momenta of the corresponding jet. Large values of rc correspond to more hard-scatter-like jets
while low values of rc are indicative of pile-up jets. Since the sophisticated pile-up mitigation
techniques mentioned earlier can be employed with nearly oine-level performance at the
HLT and the pile-up challenge is most severe at L1, the impact of pile-up at the HLT and
oine is ignored for the results presented in later sections.
Displaced vertex reconstruction at L1 is likely not possible with high eciency and so we
assume that no explicit c-tagging will be possible at L1. At the HLT, we assume oine-like
c-tagging. Flavor tagging does degrade with pile-up, but detector upgrades are expected to
compensate for pile-up (Fig. 6 in Ref. [205] and Fig. 19a in Ref. [206]).
The probability for jets faking photons depends on how well-isolated photon candidates
are required to be. Very stringent isolation requirements result in a purer sample of prompt
photons at a cost of signal eciency while loose requirements result in many fragmenta-
tion photons originating from jets. In our study, we follow the performance evaluation by
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ATLAS [205], and assume that the fake photon rate would be
j! = 2:5 (0:7) 10 4; (3.4)
for a hard-scatter (pile-up) jet.3 This false positive rate corresponds to an isolation criterion
that requires the sum of the transverse energy from the calorimeter within a cone of size
Rc = 0:2 centered around the photon candidate E
R<Rc
T to be
ER<RcT < 6 GeV: (3.5)
We further assume the misidentied photons carries 75% of the jet transverse momenta.
3.1.3 Trigger Design
Currently, the L1 trigger has a maximum rate of 100 kHz, while HLT has a maximum rate of
1 kHz. After the HL-LHC upgrades [207,208], the trigger rates at L1 and HLT are expected
to be about 1 MHz and 10 kHz, respectively. Therefore, it is vital to make sure the event
rates of the processes are within the capacities of both the L1 trigger and the HLT.
For the L1 trigger, we required the two jets and a photon with transverse momenta
pTj > 27 GeV; pT > 20 GeV; (3.6)
and well-separated in the central region
jj < 2:5; and R > 0:4: (3.7)
Pile-up jets are rejected by requiring
rc > 0:2: (3.8)
To suppress the QCD background and put the L1 trigger rate under control, we make use of
the fact that the three nal state objects come from the Higgs resonance decay. Therefore,
we also require the invariant mass of the three trigger objects at L1 to be
90 GeV < Mjj < 160 GeV: (3.9)
3In our simulation, we dene hard-scatter jets as jets close to a truth level jet with R < 0:3.
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As the two jets come from the Higgs decay and do not tend to have rather high transverse
momenta, they are often not the two leading jets at L1. Therefore, we require the two
candidate jets must be among the 5 hardest jets in each event.
The the corresponding trigger rate is listed in the rst row of Table 3.2. The trigger rate
is calculated using the instantaneous luminosity
L = 5 1034 cm 2s 1 = 5 10 5 fb 1s 1 (3.10)
at the HL-LHC [209]. We note that the most dominant contribution at L1 comes from the
QCD multi-light-jet production with a jet-faked photon. As shown in Table 3.2, the trigger
proposed above would occupy less than 1% of the total bandwidth, and thus is plausible to
implement as part of the HL-LHC trigger menus of ATLAS and CMS.
3.2 ANALYSES
3.2.1 Cut-based Analysis
To gain physical intuition, we start with a simple analysis that uses only thresholds on
various kinematic quantities (\cut-based"). In addition to the trigger requirements as before,
we select the signal events with a basic threshold on the leading jet
pmaxTj > 40 GeV: (3.11)
Figure 3.1a shows the normalized distribution of the smaller value of the separations between
photon and jets. As the photon in the signal process comes from nal-state radiation, it
tends to be close in angle to one of the jets. Therefore, to optimize the signal signicance,
we further require the smaller one of the separations between the candidate jets and photon
to be
Rminj < 1:8: (3.12)
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Figure 3.1: Distributions of (a) the smaller value of the separations between the candidate
jets and the photon; (b) the three-body invariant mass of the two candidate jets and the
photon. Signal (blue solid) and background (red dashed) are both normalized to unit area.
We quantify the sensitivity using a prole likelihood t to the three-body invariant mass in
the range
60 GeV < Mjj < 160 GeV; (3.13)
as shown in Fig. 3.1b, with bin widths of 5 GeV, in two event categories. The two categories
are dened as having either 1 or 2 of the Higgs candidate jets c-tagged.
The expected 95% CLs [210] upper limit (approximately at a 2-level) on the signal
strength in the absence of systematic uncertainties is found to be4
 < 106; 88; 86; (3.14)
for operating points I, II, III with a luminosity of 3 ab 1. If the BSM physics signicantly
modies the charm-Yukawa coupling, which can be parametrized using the -scheme,
yBSMc = c y
SM
c ; (3.15)
4In principle, one-loop electroweak processes also contribute to h ! cc, as discussed in [96]. However,
it can be safely neglected given the hypothetically large Yukawa coupling yc accessible here and the absence
of interference between the QED radiation and EW contributions.
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then the number of signal events would approximately scale as
Nsig ' 2cNSMsig;QED: (3.16)
Then the above upper limit can be translated into
c =
p
 < 10:4; 9:4; 9:3: (3.17)
The expected numbers of events and event rates, in the range of 100 < Mjj < 140 GeV, are
summarized in Table 3.2, for dierent event categories and c-tag working points described
in Table 3.1. The third column shows the numbers of events for h ! cc through QED
radiation. The signal-to-background ratio S=B is between 10 5 to 10 6. As the background
is dominated by QCD multi-jet processes, it is likely that the background would be estimated
using data-driven techniques. The resulting systematic uncertainties may not be small, but
would likely be comparable to or smaller than the large relative statistical uncertainty on the
signal. We also note that, although we aimed to optimize the light-jet rejection, the yields
of the background process h ! bb due to mis-tagging is about 1:5   3 times larger than
those of h! cc for dierent c-tagging working points, comparable to the previous studies.5
3.2.2 Machine Learning Analysis
In order to study the benet from a more complex analysis approach, a boosted decision tree
(BDT) is trained to distinguish the Higgs signal from the multi-jet background. The BDT
is trained using XGBoost [211] with 5-fold cross-validation. The following 13 input features
are used for training:
Mmaxj ; M
min
j ; Mjj; pT; p
max
Tj ; p
min
Tj ; ; 
max
j ; 
min
j ; R
max
j ; R
min
j ; Rjj; pTjj: (3.18)
Even though Mjj is the most important feature, it is not explicitly provided to the BDT in
order to minimize the bias to the distribution used for the prole likelihood t in the range of
5For reference, the background rates for h ! bb in the V h(! cc) searches presented in Ref. [21] and
Ref. [177] are 5   10 and 1   5 times higher than the signal h ! cc, respectively, where dierent c-tagging
working points are used.
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Eq. (3.13) for extracting the expected upper limit.6 The distribution of the BDT output on
signal and background along with a receiver operator characteristic (ROC) curve are shown
in Fig. 3.2. The two most important features used by the BDT are pmaxTj and R
min
j , which
are also the features used to form the simple event selection in the previous section.
Using a selection based on the BDT, the expected 95% CLs upper limit on the signal
strength in the absence of systematic uncertainties is found to be
 < 91; 77; 75; ) c < 9:6; 8:8; 8:6: (3.19)
for operating points I, II, III with a luminosity of 3 ab 1. This is a modest improvement
over the cut-based result by about 10%. Further gains using multivariate approaches may
be possible, but will likely require advances in photon, pile-up, and c-tagging using low-level
information. The distribution of Mjj already captures most of the information available for
separating signal and background given that the correct objects are identied.
3.3 HE-LHC PROJECTION
Given the recent proposal of an energy upgrade (HE-LHC) operating at
p
s = 27 TeV [219]
after the high-luminosity phase (HL-LHC), it would be informative to estimate the potential
reach for the radiative decay h ! cc. However, it would be a non-trivial job to do so
without knowing the high pile-up and the detector performance under the new conditions.
As such, for the purpose of illustration, we can only give a crude projection by assuming
a similar environment as in the above studies for HL-LHC. We consider the option with
luminosity L = 3 ab 1 and the same pile-up  = 200. We also assume the same L1 trigger
rate.
To compensate the larger and harder background at 27 TeV, we raise the trigger threshold
to
pTj > 40 GeV; pT > 23 GeV; (3.20)
6There are many methods for performing this decorrelation using more explicit and even automated
methods [212{218].
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in order to maintain the same L1 event rate. As future experiments would come with
signicant improvements, we relax the isolation cut in Eq. (3.5) and conservatively assume
that the same fake photon rate can be achieved while the photon isolation eciency remains
unchanged for photon with pT > 20 GeV.
The expected 95% CLs upper limit on the signal strength via cut-based analysis is found
to be
 < 98; 82; 81; ) c < 9:9; 9:0; 9:0: (3.21)
for operating points I, II, III with a luminosity of 3 ab 1, in comparison with the expected
95% CLs upper limit on the signal strength via BDT-based analysis to be
 < 89; 71; 70; ) c < 9:4; 8:4; 8:3: (3.22)
We thus do not nd signicant improvement for probing the charm-quark Yukawa coupling
at the high energy upgrade of the LHC, since the sensitivity is mostly limited by the L1 rate
which in this work is assumed to stay the same at the HE-LHC. We would like to reiterate that
the estimated projection here should be considered in the context of our assumptions since
the results sensitively depend on the unknown pile-up and the detector performance. Given
our assumptions, there is room for potential improvements should the HE-LHC experiments
be constructed.
3.4 SUMMARY
While it is of fundamental importance to probe the charm-quark Yukawa coupling, it is
extremely challenging at hadron colliders primarily due to the SM background and the lack
of an eective trigger for the signal h! cc. We pointed out that the branching fraction for
the Higgs radiative decay h ! cc is about 4  10 4 and thus would yield a large number
of events at the HL-LHC. The existence of an additional photon in the nal state may help
for the signal identication and background suppression. For instance, the electromagnetic
coupling would disfavor the down-type quarks, especially the avor-tagged bb mode. We
thus proposed to take advantage of the radiative decay and examine the feasibility of probing
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the charm-quark Yukawa coupling. We proposed a rened triggering strategy that also
included many event features combined with a boosted decision tree. Our results can be
summarized as follows.
 A traditional cut-based analysis for identifying the signal h! cc yields the sensitivity
for a coupling of about 9 times of the SM value at 2 level at the HL-LHC.
 A boosted decision tree improves the sensitivity by about 10%, reaching a coupling limit
of about 8 times the SM value at 2.
 As a crude estimate for the sensitivity reach at the HE-LHC, assuming the same pile-up
and L1 trigger rate, we found no signicant improvement over the results of HL-LHC.
There is room for improvement given the assumptions about the HE-LHC experiments
and running conditions.
Our results with semi-realistic simulations are comparable to the other related studies [148,
167{170,179,180] and better than the h! J= +  channel [149] in constraining the charm-
Yukawa coupling. Although slightly weaker than the sensitivity from the ATLAS direct
search of about 3 times of the SM value [177], there are uncertainties in both analyses due
to missing eects in one or the other and so more detailed experimental studies would be
required to know which method will achieve the best precision. Multiple complementary
approaches are needed to improve the sensitivity to test the SM prediction.
We close by making a few remarks on the possible future improvement. Since one of the
limiting factors is the huge L1 event rate from QCD multi-jets background, a better pho-
ton identication would signicantly improve the results. Furthermore, improved c-tagging
would also enhance the sensitivity and the machine learning techniques would be more ben-
ecial there. Finally, extending the analysis to other Higgs production modes and dierent
kinematic regimes may help with the trigger challenge.
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Working Signal Background Background S=
p
S +B
Point (QED) events event rate [Hz] [10 2]
Level-1 (L1) No Tag - - 9:55 103 -
I 269 3:37 108 5:62 1:47
1 c-tag II 349 5:18 108 8:63 1:54
III 401 8:83 108 14:7 1:35
I 29 1:14 107 0:191 0:878
2 c-tags II 66 2:23 107 0:371 1:42
III 126 5:79 107 0:966 1:66
Table 3.2: Expected numbers of events of the signal and background, and event rates, in the
range of 100 < Mjj < 140 GeV at the HL-LHC with L = 3 ab 1. The rst row gives the
event rate at L1, with only the requirements in Sec. 3.1 applied. Systematic uncertainties
are not accounted for in the signicance calculation in the last column.
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Figure 3.2: (a) The distribution of the BDT score normalized to unit area. (b) Receiver
operating characteristic (ROC) curve of the BDT.
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4.0 ELECTROWEAK DARK MATTER AT FUTURE HADRON
COLLIDERS
While the Higgs boson may serve as a lamppost to the new physics beyond the Standard
Model, another important implication of new physics is the existence of the dark matter.
Although its existence has been indicated by various astronomical observations, the particle
nature of dark matter still remains unknown. One of the simplest realizations of weakly
interacting massive particles (WIMP), that could be a natural candidate for dark matter
(DM), is the electrically neutral component of a multiplet of the standard model (SM) weak
interaction gauge group SU(2)L [220,221]. The well-known example of such DM candidates
is that of wino and Higgsino in the minimal supersymmetric SM (MSSM) with R-parity
conservation [40]. For each assignment of the DM spin and the SU(2)L quantum numbers,
the only free parameter in this model for WIMPs is the DM mass. If we further impose the
requirement that a single particle species makes up the entire DM relic density through the
mechanism of thermal freeze-out, we arrive at the well-known relation [222{224]

h2 = 0:11

2:2 10 26 cm3=s
hevifreeze out

; (4.1)
where, e is the eective cross-section, which includes the appropriately Boltzmann-weighted
thermal averaged contribution from co-annihilating particles, important for DM belonging
to electroweak multiplets [225{227]. For such electroweak DM candidates, since the annihi-
lation rate is xed by gauge interactions, in the limit MDM MW;Z, it can be expressed by
simple relations with only one mass-scale, MDM. For example, for wino-like SU(2)L triplets,
the eective annihilation rate is approximately given by [228]
hevifreeze out ' 3g
4
16M2DM
; (4.2)
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leading to the thermal relic abundance of

 ~Wh
2 ' 0:1

MDM
2:2 TeV
2
: (4.3)
The above relation gets modied on taking into account corrections from the non-perturbative
Sommerfeld enhancement in wino pair-annihilation [229{231], and SU(2)L triplets of mass
around 3 TeV saturate the observed DM abundance. Similarly, for SU(2)L doublet Higgsino-
like DM, the corresponding mass scale is around 1 TeV [232]. Thus, one obtains a rather
robust prediction for the mass of electroweak DM making up the observed DM density.
For DM lighter than the above mass scales the thermal relic density is lower, hence either
making them viable candidates for a fraction of the total DM in the Universe, or requiring
non-thermal production mechanisms [233].
The prospects for probing such electroweak DM at underground direct detection exper-
iments depends on the representation of the multiplet under SU(2)L and its hypercharge.
For Dirac fermions or complex scalars with non-zero hypercharge, tree-level neutral current
vector interaction with the Z boson leads to a large spin-independent (SI) scattering rate
with nuclei. On the other hand, for Majorana fermions and real scalars, the vector couplings
vanish identically. We will focus on the detection prospects for SU(2)L triplet and doublet
Majorana fermions in this study 1. Their SI interaction rate with nuclei is suppressed, as
it is generated only at the one-loop order, and suer from accidental cancellations between
dierent class of diagrams [236{241]. For wino-like triplet states with zero hypercharge,
the SI cross-section with proton is only mildly sensitive on the DM mass, and in the limit
MDM  MW is found to be around 2:3  10 47cm2, including higher order corrections at
next-to-leading order in S [236{239]. Thus, to probe these DM candidates at the direct
detection experiments, we would need multi-ton scale detectors. For Higgsino-like SU(2)L
1SU(2)L doublet fermions with non-zero hypercharge, such as the pure Dirac Higgsino in the MSSM, have
a vector interaction with the Z boson. However, eective couplings with the Higgs boson (such as those
induced by integrating out the gauginos in the MSSM) generate a small mass splitting, thereby decomposing
the neutral Dirac fermion into two Majorana fermions, and avoiding the vector interaction. We also need to
ensure that such a mixing with the gauginos does not induce large SI scattering through the Higgs boson
exchange. For mass splittings larger than m & O(100) keV, inelastic up-scattering between two Majorana
Higgsino mass eigenstates [234,235] is also avoided. Such mass splittings are however typically so small that
they would not aect the collider analyses in the following sections.
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doublet Majorana fermions, the rate is further suppressed, and the cross-section is around
10 49cm2, which is below the irreducible neutrino oor, making a detection challenging.
Indirect detection experiments looking for gamma-ray signals from annihilating DM in
low-background dwarf-spheroidal galaxies (dSphs) constitutes a more promising probe for
electroweak DM candidates [221, 229{231, 242]. For wino-like DM, there is an enhancement
of the annihilation rate in certain mass regions in which the exchange of multiple electroweak
gauge bosons between the DM particles in the initial state gives rise to a long-range potential
(Sommerfeld enhancement) [229{231]. The current constraints from the Fermi-LAT search
for diuse gamma ray signal from dSphs excludes wino DM mass below around 400 GeV,
and in a small window around 2 TeV, if it makes up the whole of DM [242,243]. However, for
these mass values, thermally produced winos are under-abundant. For this reason, as well
as to cover the yet-unexplored window in indirect searches, collider probe becomes necessary.
For Higgsino-like DM, the annihilation rate is signicantly smaller, and the current dSphs
constraints only probe mass values smaller than around 350 GeV, if they saturate the required
DM abundance [244]. Thus for Higgsino-like states, the collider probe is crucial as well.
Directly probing heavy electroweak DM at the 14-TeV LHC is found to be very challeng-
ing   primarily because of lower Drell-Yan pair production rates for the heavy DM particle
and their charged counterparts, and also for the lack of clean experimental handles which
can be utilized to suppress the relevant SM backgrounds. Motivated by the supersymmetric
wino and Higgsino scenarios, the ATLAS and CMS collaborations have carried out several
dierent searches for electroweak DM at the LHC [245{249]. The main collider signatures
in the framework under consideration are governed by the small mass splitting between the
charged and neutral components of the EW multiplets of about a few hundred MeV. As
such, there are broadly two class of searches which are mostly independent of detailed model
assumptions. The rst one is the classic monojet and missing transverse momentum search
for a pair-produced DM particle in association with a hadronic jet originating from initial
state radiation. The second one utilizes the fact that, in the absence of large additional
corrections from higher-dimensional operators, the mass splitting between the charged and
neutral components of the DM SU(2)L multiplets is small   of the order of a few hundred
MeV. Thus, the decay length of the electrically charged state is large enough to be observed
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as a disappearing charged track at the LHC detectors. This additional handle helps reduce
the SM backgrounds compared to the rst search category with only missing momentum re-
quirements, though it does introduce additional systematic uncertainties in the background
estimate. The current LHC lower bound using these search strategies for wino-like (Higgsino-
like) states is around 460 (152) GeV at 95% C.L. [246, 247], and as we will see later, it is
projected to improve to 900 (300) GeV at the end of the high-luminosity LHC run (HL-LHC)
for wino (Higgsino) states.
Studies on the prospects of nding electroweak DM at future hadron colliders with the
14-TeV and 100-TeV centre of mass energies have been performed earlier with a detector
design similar to that of the 8 TeV Run-1 LHC [250,251]. Possible interesting proposals for
improving the reach of Higgsino-like DM in disappearing charged track search have also been
put forward [252, 253]. In particular, the latter studies investigated the impact of reducing
the required number of hits in the tracking system by the candidate charged track, and found
that under optimistic scenarios for the SM background estimates, the reach at a 33 TeV [253]
and subsequently a 100 TeV collider [252] can be signicantly improved for Higgsino states.
In this chapter, we examine the discovery potential of the electroweak DM at future high
energy hadron colliders. We consider two proposals: a 27-TeV upgrade of the LHC (HE-
LHC), which can be achieved within the current LHC ring with upgraded magnets [254],
and the proposed 100 TeV future collider [255] at CERN (FCC-hh) [256, 257] and in China
(SppC) [258]. We adopt the updated detector design with the new Insertable B-Layer (IBL)
included in the ATLAS tracking system for the Run-2 13 TeV LHC [259], and model our
background estimates by extrapolating the ATLAS results, using similar methods as adopted
in previous studies [250,251].
The subsequent sections are organized as follows. In Sec. 4.1 we briey describe the
relevant details of the electroweak DM model, the signal and background processes for the
search channels utilized in our analysis, and the simulation framework adopted. In Sec. 4.2
we discuss the distribution of dierent kinematic observables used to distinguish between the
signal and the background processes, the event selection criteria, and a simple optimization
of the kinematic selections to improve the signal to background ratio. We then go on to
present our main results, discussing the comparative reach of 14-TeV HL-LHC, 27-TeV HE-
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LHC and the 100-TeV FCC-hh/SppC options, in Sec. 4.3. We conclude with a brief summary
of our results and an outlook in Sec. 4.4.
4.1 ANALYSIS SETUP
4.1.1 Eective interaction Lagrangian
We begin with a brief review of the relevant eective interactions of pure wino and Higgsino
states with the SM sector, as well as the radiative mass splitting between the charged and
neutral components of the electroweakinos generated by SM gauge interactions. Although
we will adopt the supersymmetric terminology to describe the SU(2)L doublet and triplet
DM scenarios in the following, our discussion is valid in general for an eective theory, with
the SM augmented by a stable DM multiplet.
The eective interaction Lagrangian at dimension-4 for charged (~) and neutral (~0)
winos with the SM electroweak gauge bosons is given as
LWV    g

~
0
 ~+W  + h:c:

+ g ~
 
 ~  (cos WZ + sin WA) ; (4.4)
where g is the SU(2)L gauge coupling, and W is the weak-mixing angle. In the absence of
large corrections from couplings with the fermion and sfermion sectors of the MSSM, these
gauge interactions induce a mass splitting between the charged and neutral winos (m ~W ),
which, at the two-loop order can be parametrized as follows [260]
m ~W
1 MeV
=  413:315 + 305:383

log
m~0
1 GeV

  60:8831

log
m~0
1 GeV
2
+ 5:41948

log
m~0
1 GeV
3
  0:181509

log
m~0
1 GeV
4
; (4.5)
where m~0 is the neutral wino mass. The corresponding decay lifetime of the charged wino
to a neutral wino and a charged pion is given in terms of the c -value by [260]
c ' 3:1 cm
"
m ~W
164 MeV
3s
1  m
2

m2~W
# 1
; (4.6)
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with m being the charged pion mass. We have normalized the mass dierence to 164 MeV,
which is the mass splitting in the limit of heavy WIMPs, MDM  mW .
Similarly, the eective interaction Lagrangian at dimension-4 for charged (H) and neu-
tral (0H) Dirac Higgsinos with the SM electroweak gauge bosons is given by
LHV    
gp
2

0H
 H W
+
 + h:c:

+ g H
 H

1=2  s2W
cW
Z + sWA

  g
2cW
0H
0H Z; (4.7)
with sW = sin W and cW = cos W . The above interactions induce a one-loop mass splitting
between the charged and neutral states (m ~H) which can be written as
m ~H =
g2
162
m ~H sin
2 Wf

mZ
m ~H

; (4.8)
where the loop function is given by
f(r) = r4 ln r   r2   r
p
r2   4(r2 + 2) ln
p
r2   4 + r
2
: (4.9)
The corresponding decay lifetime of the charged Higgsino to a neutral Higgsino and a charged
pion can be parametrized in terms of the c -value as [253]
c ' 0:7 cm
"
m ~H
340 MeV
3s
1  m
2

m2~H
# 1
: (4.10)
As we can observe from Eqs. (4.6) and (4.10), for typical values of the mass splitting between
the charged and neutral states, the charged wino has a considerably larger decay length
compared to the charged Higgsino. This makes the search for winos more favorable than
Higgsinos in the disappearing charged track analysis.
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4.1.2 Signal and background processes
As mentioned in the introduction, we will focus on two dierent search strategies for elec-
troweak DM at hadron colliders, both of which are being carried out by the ATLAS and CMS
collaborations at the Run-1 and Run-2 LHC: namely, the monojet plus missing transverse
momentum search and the disappearing charged track analysis. For the 27-TeV HE-LHC
and 100 TeV FCC-hh/SppC upgrades, we will also discuss a simple optimization of the kine-
matic selection criteria in the next section. In this section, we briey describe the signal and
background processes for these search channels, as well as the Monte Carlo (MC) simulation
framework adopted for them in our analysis.
For the signal process, we consider the electroweak production of chargino and neutralino
pair in proton-proton collisions, where the dominant contribution to the total cross-section
comes from the following three sub-processes:
pp! ~+1 ~ 1 + jets;
! ~1 ~0i + jets;
! ~0i ~0j + jets; with i; j = 1; 2; for Higgsino-like states: (4.11)
Thus, in each event for the rst two sub-processes either one or two charged states are
produced, which is relevant for the disappearing track analysis. All three sub-processes
contribute to the signal in the monojet search channel, since the charged pions from the
chargino decay are too soft to detect at hadron colliders 2. In the context of the MSSM, we
have assumed here that all other sparticles except the DM multiplet is decoupled. Therefore,
for the wino DM scenario, there is one light Majorana neutralino and one light chargino
present in the low-energy spectrum. For the corresponding case of Higgsino DM, there is
again one light chargino, while the number of light Majorana neutralinos is two.
For both the search channels, with the presence of missing transverse momentum as one
of the criteria, the dominant SM backgrounds come from single weak boson production in
association with multiple hard jets. The total background cross-section in nal states without
any charged leptons is thus dominated by Z+jets production, with Z ! . A similar
2Future electron-proton colliders, such as the LHeC or FCC-eh, could have unique sensitivity to BSM
signals with such soft nal state particles, and to short lifetimes of the decaying charged states [261].
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order of magnitude contribution is obtained from W+jets production, with W+ ! `+
(` = e; ; ), where the charged lepton (except for hadronic decays of the tau) falls outside
the tracker coverage of the detector. A sub-dominant component of the total background
also comes from the top quark pair production process.
In our analysis, for both the signal and the background processes, we have generated
MC events with matrix element (ME) and parton-shower matched using the MLM prescrip-
tion [193], whereby we have included up to two additional hard jets at the ME level. All
the parton level event samples have been obtained using the MG5aMCNLO [138, 262] event
generator, followed by parton shower and hadronization with PYTHIA6.4.28 [194], and fast
detector simulation using DELPHES3 [195, 263]. We have employed the CTEQ6L1 [264, 265]
parton distribution functions, and have used the event-by-event default choice for the fac-
torization and renormalization scales as implemented in MG5aMCNLO. Jets have been dened
using the anti-kT algorithm [266{268], with the radius parameter R = 0:5.
In order to obtain a large statistics of MC events in the kinematic region of our interest,
we generated our event samples after strong cuts on the transverse momentum of the leading
jets at the ME level. For the dominant as well as very large Z+jets background, we have
applied an additional generation level cut on the missing transverse momentum variable.
This makes it dicult for us to normalize our total matched cross-sections to next-to-leading
order (NLO) in QCD results, since it requires a fully dierential NLO simulation to obtain the
proper K-factors after the above cuts. Therefore, we abstain from adopting a normalization
by such K-factors for both the signal and background processes 3.
A few more comments are in order for the disappearing charged track analysis. Since our
detector simulation cannot reproduce the trigger eciency and the charged track selection
eciency obtained by the ATLAS collaboration, we have used an overall rescaling fudge
factor of 0.1 to normalize our signal event yields to those reported by ATLAS [246].
Within our simulation framework, it is also dicult to estimate the SM background rates
in the disappearing charged track analysis, which ensue from fake tracklets, missing leptons,
and charged hadrons. We therefore adopt an empirical formula reported by the ATLAS
3Since both the signal and background are electroweak processes, they have a similar NLO K-factor of
about 1.4 [269,270]. Therefore, we expect the higher order corrections not to change the signal to background
ratio S=B appreciably, but to slightly improve the statistical signicance of the signal S=
p
B.
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collaboration by tting the data obtained in their LHC Run-2 analysis. The dierential
distribution of the disappearing charged tracks as a function of their transverse momenta
(pT ) can be parametrized as follows:
dNEvents
dpT
= N0 exp
  p0 log(pT )  p1 log(pT )2 ; (4.12)
with p0 = 0:894 and p1 = 0:057, as obtained by a t to the fake tracklet data from the 13
TeV LHC. The overall normalization factor N0 is obtained to match the number of back-
ground events from fake tracklets obtained in the ATLAS analysis involving tracks with
pT > 20 GeV. For dierent collider energies the functional dependence on the track pT
is assumed to remain the same, while we rescale the overall normalization by the ratio of
the Z+jets total cross-section, as also assumed in previous studies. Although Z+jets gives
the dominant contribution to the total cross-section in the nal state of interest (with a
substantial missing transverse momentum and no charged lepton), there are also signicant
contributions from W+jets and tt+jets processes. In order to take these latter contribu-
tions into account, along with the uncertainty in the background estimate using our simple
methodology, we have varied the central value of the background rate by a factor of ve in
our subsequent analyses 4.
4.2 KINEMATIC SELECTION OF SIGNAL REGION
4.2.1 Mono-jet +=ET search
The kinematic selection criteria employed in the monojet plus missing transverse momen-
tum channel is well-established, with increasingly stronger requirements on the transverse
momenta of the hadronic jets (pT j) and the missing transverse momentum ( =ET ), as the
collider energy is increased. While we have optimized the above requirements for the HE-
LHC and the FCC-hh/SppC analyses, for the corresponding HL-LHC scenario, our analysis
4As we do not perform a shape analysis, only the total number of events after the relevant cut enters our
nal estimate. Although the actual shape is relevant in the cut optimization, we keep the shape xed within
the scope of our study.
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Figure 4.1: Normalized distribution for missing transverse momentum in single weak boson (W=Z)
production associated with multiple hard jets, in the SM (black solid lines), and in charged and
neutral wino and Higgsino pair production events at the 27-TeV HE-LHC. The results are shown
for two representative mass values of the winos (solid lines) and Higgsinos (dashed lines): 500 GeV
(blue) and 1 TeV (red).
closely follows the one by the CMS collaboration in Ref. [271], to facilitate comparison. In
our optimization of the kinematic selections for the higher centre of mass energies, we have
maximized the statistical signicance of the search, at the same time ensuring a large signal
event rate.
In Fig. 4.1, we show the normalized distributions for missing transverse momentum at
the 27 TeV HE-LHC. The distributions are presented for both the signal process and the
dominant SM background process of single weak boson (W=Z) production with multiple hard
jets (black solid line). For the signal process, we show two representative mass values each
for wino pair production (solid lines), and Higgsino pair production (dashed lines): namely,
500 GeV (blue) and 1 TeV (red). As we can see from this gure, for higher mass of the winos
and Higgsinos, the pT spectrum of the associated ISR (and hence the =ET ) is also harder, as
expected. A requirement of approximately =ET > 2 TeV can potentially enhance the signal
over background ratio for the above electroweakino mass values.
For the event selection of the monojet channel, we require that all events have a hard
57
p
s =E
min
T [GeV] pT;j1 [GeV] pT;j2 [GeV] pT; [GeV]
14 TeV 650 300 30 30
27 TeV 1800{2700 400 60{160 30
100 TeV 4800{7000 1200 250{450 40
Table 4.1: Threshold values of dierent kinematic observables, namely, =E
min
T ; pT;j1 ; pT;j2 ; pT; for
dierent collider options in the monojet analysis, and the optimization range considered for the
HE-LHC and FCC-hh/SppC colliders. See text for details.
central jet with a high threshold and also allow for a second jet with
pT > pT;j1 ; jj < 2; pT > pT;j2 ; jj < 4:5; and R > 0:5; (4.13)
and with an azimuthal separation j1;j2 < 2:5, to remove back-to-back jets. Any additional
jets passing the minimum threshold pT > pT;j2 within jj < 4:5 are vetoed, i.e., Njets 6 2. A
lepton veto is applied with events with electrons (muons) with pT > 20 GeV; jj < 2:5 (2:1)
are excluded. Events with hadronic taus with pT > pT; ; jj < 2:4 are also vetoed. Finally,
an optimized requirement on missing transverse momentum is applied, with =ET > =ET
min
.
We summarize the threshold values of the cuts, namely, =E
min
T ; pT;j1 ; pT;j2 ; pT; , for dierent
collider options in Table 4.1. As mentioned earlier, we vary the =ET and pT;j2 cuts for the
27 TeV and 100 TeV scenarios in the ranges specied in the table to optimize the signal
signicance.
The optimized set of kinematic cuts for the HE-LHC is given in Table 4.2, with the cor-
responding signal and background cross-sections. Here, basic cuts refers to the requirement
of =ET > 1600 GeV at the matrix-element level. We also show the eciency of each cut
on the signal (S) and background rates (B), as well as the improvement in the signal-to-
background ratio (S=B) with each cut. As we can see from Table 4.2, for the representative
mass value of 500 GeV for the chargino and neutralino states, the S=B ratio that can be
achieved is at most 4:59 10 2 for wino-like states, and 2:32 10 2 for Higgsino-like states.
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Cuts
Bckgrnd
B
m ~W = 500 GeV m ~H = 500 GeV
[fb] Signal [fb] S S=B [%] Signal [fb] S S=B [%]
Basic cuts 26.50 - 0.40 - 1.52 0.21 - 0.79
pTj1 > 400 GeV 26.12 0.99 0.40 0.99 1.52 0.21 0.99 0.79
Njets 6 2 21.13 0.81 0.33 0.83 1.55 0.17 0.83 0.81
j1;j2 20.13 0.95 0.32 0.98 1.60 0.17 0.98 0.83
Muon veto 16.13 0.80 0.32 1.00 1.99 0.17 1.00 1.04
Electron veto 12.78 0.79 0.32 1.00 2.52 0.17 1.00 1.31
Tau veto 10.88 0.85 0.31 0.98 2.88 0.16 0.98 1.50
=ET > 2:2 TeV 1.03 0.09 0.05 0.15 4.59 0.02 0.15 2.32
Table 4.2: Signal and background cross-sections in the monojet+=ET channel at the 27-TeV HE-
LHC after successive selection cuts on dierent kinematic observables; see text for details on the
selection criteria. The eciency of each cut on the signal (S) and background rates (B), along
with the signal to background ratio (S=B) are also shown. We have shown the results for the
representative mass value of 500 GeV for the wino and Higgsino states.
As such, the systematic errors could be a main concern for the monojet+=ET search.
However, encouragingly, the theoretical errors on the W=Z+jets background rates have been
reduced to a few percent level with the recent NNLO QCD corrections and NLO electroweak
corrections supplemented by Sudakov logarithms at two loops [272]. At the same time, the
current uncertainties on the estimate of the background cross-sections using data-driven
methods are also at the few percent level [273], which are expected to further reduce with
the accumulation of higher statistics.
4.2.2 Disappearing charged track search
We have discussed the methodology adopted for our estimate of the normalization and the
shape of the SM backgrounds in the disappearing charged track search analysis in Sec. 4.1.2.
We also described the lifetime (expressed as c) of the charged wino and Higgsino states
in their rest frame in Sec. 4.1.1. The decay length of the charginos in the LHC detectors
is determined by c and the transverse momentum distribution of the chargino. We show
in Fig. 4.2 (left column) the transverse momentum distribution of the chargino track for
both the wino-like (solid line) and the Higgsino-like (dashed line) scenarios at the 27 TeV
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Figure 4.2: Transverse momentum (left panel) and transverse track length (right column) distribu-
tion of disappearing charged tracks in charged and neutral wino (solid lines) and Higgsino (dashed
lines) pair production events (with at least one chargino in each event), for the 27-TeV HE-LHC
with 15 ab 1 data. The results are shown for two representative mass values of the winos and
Higgsinos: 500 GeV (blue) and 1 TeV (red).
HE-LHC with 15 ab 1 data. The distributions have been shown for the chargino mass value
of 500 GeV (blue) and 1 TeV (red). As we can see from this gure, the overall shape
of the distribution is similar for Higgsino and wino-like states, while the total production
cross-section is a factor of two larger in the latter scenario.
Combined with the proper life-time, the transverse momentum distribution of the tracks
determine the transverse charged track length in the signal events, which is the most im-
portant observable in the disappearing charged track analysis. We show this distribution
in Fig. 4.2 (right column), with the parameter choice and color coding used same as for
the previous gure. It is clear from this gure that in order to probe a Higgsino of mass
O(1 TeV), we need tracking coverage in the range of 10  20 cm, which is now possible after
the inclusion of the additional B-layer in the Run-2 upgrade of the ATALS detector.
We now briey describe the event selection criteria used for the disappearing charged
track analysis. We require one hard central jet plus large missing momentum in the events
with
pT > pT;j1 ; jj < 2:8; =ET > =ETmin: (4.14)
Charged lepton veto is applied as described above for the monojet channel. Furthermore,
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p
s =ET [GeV] pT;j1 [GeV] pT;j2 [GeV] pT;track [GeV]
14 TeV 150 150 70 250
27 TeV 400 { 700 400 { 600 140 400 { 700
100 TeV 1000 { 1400 700 { 1400 500 1000 { 1400
Table 4.3: Threshold values of dierent kinematic observables, namely, =E
min
T ; pT;j1 ; pT;j2 and pT;track
for dierent collider options in the disappearing charged track analysis, and the optimization range
considered for the HE-LHC and FCC-hh/SppC colliders. See text for details.
the missing transverse momentum vector is required to have an azimuthal separation from
the leading jet by
j1; =~ET > 1:5: (4.15)
If there is a second jet with
pT > pT;j2 ; jj < 2:8; (4.16)
in addition, j2; =~ET > 1:5 is also required. A candidate charged track is required to have
pT > pT track; 0:1 < jj < 0:9; (4.17)
with no hadronic jet within a cone of R < 0:4, where R is the separation in the pseudo-
rapidity azimuthal angle plane. Finally, we demand all events to have at least one candidate
track with radial track length in the range
12 < d < 30 cm: (4.18)
We summarize the threshold values of the cuts, namely, =E
min
T ; pT;j1 ; pT;j2 and pT;track, for
dierent collider options in Table 4.3. As mentioned earlier, we vary the =ET ; pT;j1 and
pT;track cuts for the 27 TeV and 100 TeV scenarios in the ranges specied in the table to
optimize the signal signicance.
The optimized set of kinematic cuts for the HE-LHC is given in Table 4.4, with the
corresponding signal cross-sections. Here, basic cuts refers to the requirement of =ET >
150 GeV at the matrix-element level. We also show the eciency of each cut on the signal
61
(S) rates. As we can see from Table 4.2, for the representative mass value of 500 GeV
for the chargino and neutralino states in the wino-like scenario, we expect a cross-section
of 1:59 fb, which, after taking into account the eciency fudge factor of 0:1 mentioned in
Sec. 4.1.2, would imply 2385 signal events with 15 ab 1 data at the HE-LHC. Following the
methodology described in the above section, we also expect around 28 background events.
Thus, even if the background normalization increases by upto a factor of ve, the signal to
background ratio, S=B, would be in the range of 17   85. Similarly, for the Higgsino-like
scenario, the S=B ratio is estimated to be in the range of 1  7 for the representative mass
value of 300 GeV. Both these numbers are encouraging and imply that with a detector design
similar to that of Run-2 LHC, the experimental uncertainties in the disappearing charged
track search will be largely statistical in nature.
4.3 COMPARATIVE REACH OF DIFFERENT HADRON COLLIDER
OPTIONS
We are now in a position to compare the reach of dierent hadron collider options in searching
for wino and Higgsino dark matter and their associated charged states. We will show the
results for three dierent scenarios of the collider energy and integrated luminosity:
HL-LHC : 14 TeV; 3 ab 1;
HE-LHC : 27 TeV; 15 ab 1;
FCC-hh=SppC : 100 TeV; 30 ab 1: (4.19)
To present our results on the future reach of the above collider options, we adopt a
denition of signicance
Sp
B + (BB)2 + (SS)2;
(4.20)
where S and B are the total number of signal and background events as before, and S;B
refer to the corresponding percentage systematic uncertainties, respectively. For the monojet
channel, we have taken B = 1   2% and S = 10%, while for the disappearing charged
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Cuts
m ~W = 500 GeV m ~H = 300 GeV
Signal [fb] S Signal [fb] S
Basic cuts 102.91 - 242.53 -
Lepton veto 102.90 1.00 242.52 1.00
pTj1 > 450 GeV 16.42 0.16 30.86 0.13
=ET > 550 GeV 11.29 0.69 18.81 0.61
j; =ET > 1:5 10.61 0.94 17.54 0.93
pT track > 400 GeV
7.05 0.66 8.43 0.48
Track isolation
12 < d < 30 cm 1.59 0.23 0.13 0.01
Table 4.4: Signal cross-section in the disappearing charged track analysis at the 27-TeV HE-LHC
after successive selection cuts on the kinematic and track-quality observables; see text for details
on the selection criteria. The eciency of each cut on the signal (S) rates is also shown. We
have presented the results for the representative mass value of 500 GeV (300 GeV) for the wino
(Higgsino) states.
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Figure 4.3: Comparative reach of the HL-LHC, HE-LHC and FCC-hh/SppC options in the mono-
jet channel for wino-like (left panel) and Higgsino-like (right panel) DM search. The solid and
dashed lines correspond to optimistic values of the systematic uncertainties on the background
estimate of 1% and 2% respectively, which might be achievable using data-driven methods with the
accumulation of large statistics.
track analysis, we assume B = 20% and S = 10%. As emphasized earlier, although
the systematic uncertainties in the current LHC analyses in the above channels are larger,
the uncertainties in the background estimate using data-driven methods are expected to
further reduce with the accumulation of higher statistics. Furthermore, since our background
estimate in the disappearing track analysis is a simple extrapolation of the ATLAS results
for the 13 TeV LHC, we have also varied the central value of the background yield within
a factor of ve (i.e., between 20% and 500%) of the number obtained using the method
discussed in Sec. 4.1.2.
In Fig. 4.3 we compare the reach of the HL-LHC, HE-LHC and FCC-hh/SppC options
in the monojet channel for wino-like (left panel) and Higgsino-like (right panel) DM search,
where B =
p
B + (BB)2 + (SS)2. The solid and dashed lines correspond to system-
atic uncertainties on the background estimate of 1% and 2% respectively. In an optimistic
scenario, we can expect to probe at the 95% C.L. wino-like DM mass of upto 280; 700 and
2000 GeV, at the 14; 27 and 100 TeV colliders respectively. For the Higgsino-like scenario,
these numbers are reduced to 200; 490 and 1370 GeV, primarily due to the reduced produc-
tion cross-section. Clearly, a 27 TeV collider can achieve a substantially improved reach by
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Figure 4.4: Comparative reach of the HL-LHC, HE-LHC and FCC-hh/SppC options in the disap-
pearing charged track analysis for wino-like (left panel) and Higgsino-like (right panel) DM search.
The solid and dashed lines correspond to modifying the central value of the background estimate
by a factor of ve, i.e., 20% and 500% of that obtained through the t function in Eq. 4.12.
a factor of two or more compared to the HL-LHC, while the 100 TeV collider option will
improve it further by another factor of three. Furthermore, a 100 TeV collider option may
be able to completely cover the thermal Higgsino mass window using the monojet search, if
the systematic uncertainties can be brought down to a percent level.
In Fig. 4.4 we compare the reach of the HL-LHC, HE-LHC and FCC-hh/SppC options
in the disappearing charged track analysis for wino-like (left panel) and Higgsino-like (right
panel) DM search. The solid and dashed lines correspond to modifying the central value of
the background estimate by a factor of ve, i.e., 20% and 500% of that obtained through the
t function in Eq. (4.12). With the lower value of the background estimate, the expected
reach on wino-like DM mass at the 95% C.L. is 0:9; 2:1 and 6:5 TeV at the 14; 27 and 100 TeV
colliders respectively. For the Higgsino-like scenario, these numbers are reduced to 300; 600
and 1550 GeV, primarily due to the smaller length of the disappearing track and the reduced
production rate. For the higher value of the background estimate, the mass reach for the
wino-like states are modied to 500; 1500 and 4500 GeV, respectively, at the three collider
energies. Similarly, for the Higgsino-like scenario, the reach is modied to 200; 450 and
1070 GeV. We note that the signal signicance in the disappearing track search is rather
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sensitive to the wino and Higgsino mass values (thus making the 2 and 5 reach very close
in mass). This is because, as the chargino lifetime in the lab frame becomes shorter for
heavier masses, the signal event rate decreases exponentially.
The improvements in going from the HL-LHC to the HE-LHC, and further from the
HE-LHC to the FCC-hh/SppC are very similar to those obtained for the monojet analysis
above, namely, around a factor of two and three, respectively. Although we have presented
the reach at the 100 TeV collider without reference to the cosmology of these DM candidates,
in order for a wino heavier than around 3 TeV and a Higgsino heavier than around 1 TeV not
to overclose the Universe, one would require a non-standard thermal history, with late-time
entropy production [274].
4.4 SUMMARY AND OUTLOOK
Among the multitude of possibilities for particle DM, WIMPs remain a highly motivated
candidate due to the predictable nature of the thermal relic abundance, and the correlated
predictions for their experimental and observational probes. WIMP dark matter particles
that belong to a multiplet of the standard model weak interactions are one of the best
representatives, but are often challenging to probe in direct detection experiments due to
loop-suppressed scattering cross-sections. Searches at hadron colliders are thus crucial for
testing such a scenario, and depending upon the gauge representation, can be complementary
to indirect detection probes in dierent mass windows. Moreover, since the relic abundance
of electroweak DM is uniquely determined by its mass value, they represent a well-dened
target in the collider search for DM in general.
In this chapter, we studied collider probes of two representative scenarios for electroweak
DM, namely an wino-like SU(2)L triplet and a Higgsino-like SU(2)L doublet. In the absence of
higher-dimensional operators, radiative corrections generate a small mass splitting between
the charged and neutral components of these multiplets, of the order of a few hundred
MeV, as reviewed in Sec. 4.1.1. This nearly degenerate spectrum motivates two major
search channels at hadron colliders for electroweak DM and its charged counterparts, namely,
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95% Wino Wino Higgsino Higgsino
C.L. Monojet Disappearing Track Monojet Disappearing Track
14 TeV 280 GeV 900 GeV 200 GeV 300 GeV
27 TeV 700 GeV 2.1 TeV 490 GeV 600 GeV
100 TeV 2 TeV 6.5 TeV 1.4 TeV 1.5 TeV
Table 4.5: Summary of DM mass reach at 95% C.L. for an electroweak triplet (wino-like) and a
doublet (Higgsino-like) representation, at the HL-LHC, HE-LHC and the FCC-hh/SppC colliders,
in optimistic scenarios for the background systematics. See text for details.
the monojet with missing transverse momentum search and the disappearing charged track
analysis. We examined the relevant signal and background processes for these search channels
in proton-proton collisions in Sec. 4.1.2, along with the methodology adopted for estimating
the event rates at colliders.
We presented the distributions of the important kinematic observables and the details
of the kinematic selection criteria followed at dierent collider energies in Sec. 4.2. For our
analysis, we considered three options for future hadron colliders: the high-luminosity HL-
LHC, the proposed 27-TeV LHC upgrade (HE-LHC) and the 100-TeV FCC-hh/SppC. We
performed an optimization of the selection criteria for the two higher centre of mass energies,
maximizing the statistical signicance of the particular search, at the same time ensuring a
large signal event rate.
The estimates of the expected mass reach at the 27-TeV HE-LHC are discussed in Sec. 4.3.
We also presented comparisons with the projected reach for the 14-TeV HL-LHC and the
100-TeV hadron collider. Our results for these three options are summarized in Table 4.5. In
particular, we nd that the disappearing charged track analysis at the HE-LHC can probe
Higgsino-like (wino-like) DM mass of up to 600 GeV (2:1 TeV) at the 95% C.L., making
it complementary to the indirect probes using gamma rays from dwarf-spheroidal galaxies.
The monojet and missing transverse momentum search, on the otherhand, has a weaker
reach of 490 GeV (700 GeV) at 95% C.L. for the Higgsino-like (wino-like) states. We further
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see in Table 4.5 that across dierent collider energies, while the reach for wino-like states
is improved in the disappearing track analysis by around a factor of three compared to the
monojet search, for Higgsino-like states the improvement is of the order of 100 GeV. We note
that the performance in the monojet search will crucially depend on how far the systematic
uncertainties can be reduced using data-driven methods at future high-luminosity runs, as
the signal to background ratio remains at the few percent level.
For the disappearing charged track analysis, we adopted a detector setup similar to that
of the ATLAS tracking system for the Run-2 LHC upgrade, with a new Insertable B-Layer
(IBL), which crucially extends the search reach for Higgsino-like states with a shorter decay
length in the tracker. Since the only way to understand the backgrounds for this search is
from the data, we extrapolated the 13 TeV ATLAS results to higher energies, keeping the
shape of the distribution as a function of the track transverse momentum unchanged, while
normalizing by the ratio of the total rates at dierent energies.
Although quite representative, it should be noted that our studies are limited to the
case of pure electroweak doublet and triplet states. In more general scenarios, in which
mixing among the electroweak multiplets, in particular, with an additional fermionic gauge
singlet is non-negligible, the considerations of relic abundance and detection techniques would
be substantially altered. This can also lead to rather rich physics scenarios at colliders,
depending upon the other particles in the spectrum and their mass dierences. For example,
with a non-degenerate spectra in the chargino-neutralino sector of the MSSM, decays of the
heavier states can produce electroweak gauge bosons, which would in turn lead to signals
with multiple charged leptons and missing transverse momenta in the nal state.
The LHC and its high-luminosity upgrade will lead the research in the energy frontier for
the coming decades. The possible high-energy upgrade to 27 TeV, the HE-LHC, is an exciting
option, and a potentially important step towards the 100-TeV territory at the FCC-hh/SppC
colliders. As we found in this work, the proposed HE-LHC could signicantly extend the
scope of electroweak DM searches beyond the reach of the HL-LHC. It would thus have a
fantastic potential for discovery, providing boost to the future collider programme at 100
TeV.
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5.0 ELECTROWEAK DARK MATTER VIA SINGLE-PHOTON
PROCESSES AT HIGH ENERGY e+e  COLLIDERS
Although supersymmetry [25,26] is well-motivated candidate for a natural theory which also
provides a cold dark matter (DM) candidate [37, 38], it has been quite puzzling that except
for a SM-like Higgs boson, no new particles beyond the SM have been so far observed in the
LHC experiments near and above the TeV threshold. One plausible scenario for the LHC null
search results is that all the colored SUSY particles with QCD strong interactions are rather
heavy and thus out of reach [275{280]. The EW particles, although kinematically accessible,
may not lead to experimentally tractable signals due to the rather small production rate, the
un-characteristic signature and the large SM backgrounds at hadron colliders [278,281{296].
This situation happens quite naturally when the lower-lying EW states are nearly degenerate
in mass, and thus the nal state products are rather soft and have little missing transverse
energy. On the other hand, the future e+e  colliders, such as the International Linear
Collider (ILC) [87{89], would be capable of covering the search as long as kinematically
accessible, because of the well-constrained event topology and the very clean experimental
environment.
In this chapter, we set out to study this challenging scenario at an e+e  collider in a
rather model-independent way, to quantify the observability for the missing particle signal,
and to explore the feasibility to determine the missing particle spin and chiral couplings.
Within a generic framework of the minimal supersymmetric standard model (MSSM), we
focus on three representative cases to study the EW lower-lying states, where the other SUSY
particles are assumed to be decoupled. The rst scenario, to be called the spin-1/2 Higgsino
scenario, is the case where the only accessible SUSY particles are two spin-1/2 Higgsino
doublets ( ~H+; ~H0). The second scenario, to be called the spin-1/2 wino scenario, is the case
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where the only accessible SUSY particles are a spin-1/2 wino triplet ( ~W+; ~W 0; ~W ). The
third scenario, to be called the spin-0 slepton scenario, is the case where the only accessible
SUSY particles consist of a spin-0 left-handed slepton doublet (~`; ~`
 ).
In each scenario, the charged particle and its neutral partner are degenerate in mass
before EWSB and their mass splitting originates dominantly from loop-induced EWSB cor-
rections in the Higgsino and wino scenarios, or from the so-called D-term potential after
EWSB in the slepton scenario. Due to the near degeneracy it would be very challeng-
ing to observe the soft nal state particles. Analogous to the mono-jet plus missing en-
ergy signature at hadron colliders [297, 298], single energetic photon plus missing energy at
e+e  colliders is known to be one of the promising search channels for the missing parti-
cles [281, 287, 288, 299, 300]. This method was used for counting neutrino families [301{303],
as a means to search for heavy neutrinos [304] or (nearly) invisible SUSY particles [305{314],
or anomalous gauge couplings [315{317]. We provide systematic and detailed methods not
only for determining the spins of the (nearly) invisible particles unambiguously, but also
for characterizing each of the three benchmark scenarios through single-photon processes
at e+e  colliders by exploiting electron and positron beam polarizations. We nd that, if
kinematically accessible, the spins and coupling strengths of the invisible particles to =Z
in such single-photon processes can be determined clearly by exploiting the initial electron
(and positron) beam polarization and investigating the threshold excitation patterns of the
processes.
The remainder of the chapter is organized as follows. We rst set up the three benchmark
scenarios in the MSSM framework. We lay out their spectra and interactions with the SM
particles. We present the mass splitting in each scenario by radiative corrections or by D-
term. Section 5.2 is devoted to systematic analyses for the radiative processes involving the
pair production and an associated hard photon in e+e  collisions with special emphasis on the
comparison of the initial-state radiation (ISR) and nal-state radiation (FSR) in the charged
pair production. We present the dependence of the cross sections on the photon energy and
the electron/positron beam polarizations. In Sec. 5.3, we rst study the discovery limit of
the new invisible particles based on the statistical signicance of each mode at a 500 GeV
ILC. We then describe systematically how the threshold behavior and the ratios of polarized
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cross sections enable us to determine the SUSY particle spin and characterize each scenario
unambiguously. We briey comment on the other alternative methods for characterizing the
properties of the scenarios. Finally, we summarize our results and present our conclusions
in Sec. 5.4.
5.1 SCENARIOS WITH A DEGENERATE PAIR OF SUSY PARTICLES
To study the nearly degenerate EW states in a relatively model-independent way, we take
the MSSM as a generic framework and make the following simple assumptions: only a pair
of SUSY color-singlet EW particles is kinematically accessible below the ILC threshold, and
the other heavier states are essentially decoupled. This could be realized when the soft
SUSY-breaking scalar quark masses and the gluino mass scale M3 are much heavier than
the EW soft SUSY-breaking scales. Specically, we consider three benchmark scenarios in
MSSM, each representing a qualitative dierent case, as described in detail below.
5.1.1 The spin-1/2 Higgsino (H1=2) scenario
The rst scenario for a degenerate pair of EW new states, the scenario H1=2, is provided
by the Higgsino sector with the spin-1/2 SUSY partners of the down- and up-type Higgs
bosons in the MSSM. This is realized practically when the Higgsino mass parameter  of the
superpotential term H^d  H^u mixing the two Higgs superelds is much smaller than all the
other SUSY parameters including the gaugino mass parameters,M1;2;3 [278,281,283{286,288].
(Without any loss of generality, we assume the parameters,M1;2 and  to be real and positive
in the present note.) When the gaugino states as well as the other SUSY states are decoupled
without generating any mixing with the Higgsinos, the two SU(2)-doublet Higgsino states
~Hd = [ ~H
0
dL;
~H dL] and ~Hu = [ ~H
+
uL;
~H0uL] have maximal mixing. The mass term for the charged
and neutral Higgsino states can be cast into the mass term for a degenerate pair of a Dirac
chargino and a Dirac neutralino with mass  as


~H uR ~H
 
dL +
~H+dR
~H+uL

  

~H0uR
~H0dL + ~H
0
dR
~H0uL

)  H  H + 0H 0H (5.1)
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where the Dirac chargino and Dirac neutralino are dened by
 H = ~H
 
dL +
~H uR and 
0
H = ~H
0
dL   ~H0uR (5.2)
in terms of the current Higgsino states with the charge-conjugated states, ~H uR = ( ~H
+
uL)
c and
~H0uR = (
~H0uL)
c.
As the down- and up-type Higgsinos form a vector-like SU(2)L doublet, the interactions
of the Dirac chargino  H and Dirac neutralino 
0
H with the electromagnetic (EM) and weak
gauge bosons are described by the Lagrangian
LHV  = e  H H A + e
(1=2  s2W )
cW sW
 H
 H Z  
1
2
e
cW sW
0H
0H Z
  ep
2sW

0H
 H W
+
 + h:c:
 (5.3)
where the Lorentz structure of every gauge interaction term is of a pure vector type and
its strength is xed only by the positron electric charge e and weak mixing angle W . In
the present note we use the abbreviations sW = sin W and cW = cos W for the sake of
convenience.
5.1.2 The spin-1/2 wino (W1=2) scenario
The second scenario for a degenerate pair of SUSY states, the W1=2 scenario, is provided
by the MSSM wino sector with the spin-1/2 partners of the SU(2)L gauge bosons. This
is realized practically when the SU(2)L gaugino mass parameter M2 is much smaller than
the other gaugino mass parameters M1;3 and the Higgsino mass parameter  as well as
all the other SUSY parameters [283, 284, 289{293]. In this scenario the mass term of the
SU(2)-triplet wino state ~W = [ ~W+L ;
~W 0L;
~W L ] can be cast into a Dirac mass term for a Dirac
chargino and a Majorana mass term for a Majorana neutralino with a common mass M2 as
M2 ( ~W
+
R
~W+L +
~W 0R
~W 0L + ~W
 
R
~W L ) ) M2  W  W +
1
2
M2 0W 
0
W (5.4)
by dening a Dirac chargino  W and a Majorana neutralino 
0
W by
 W = ~W
 
L +
~W R and 
0
W = ~W
0
L + ~W
0
R (5.5)
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with the charge-conjugated states ~WR = ( ~W

L )
c and ~W 0R = (
~W 0L)
c. Note that by denition
the neutralino state is identical to its charge-conjugated anti-particle, i.e. (0W )
c = 0W .
In the W1=2 scenario, the interactions of the vector-like SU(2)-triplet states with the EM
and weak gauge bosons are described by
LWV  = e  W W A + e
(1  s2W )
cW sW
 W
 W Z  
e
sW

0W
 W W
+
 + h:c:

(5.6)
Again, like the H1=2 scenario, the Lorentz structure of every gauge interaction term is of a
pure vector type, but the coupling strengths determined uniquely by the weak mixing angle
W are characteristically dierent from those in the H1=2 scenario. Note that the Majorana
neutralino in the W1=2 scenario couples neither to the photon nor to the neutral weak boson
Z.
5.1.3 The left-handed slepton (L0) scenario
The third scenario for a degenerate pair of SUSY states, the L0 scenario, is provided by the
MSSM left-handed slepton sector with the spin-0 partners ~L = [~`; ~`
 
L ] of the SU(2)L-doublet
lepton. This is realized practically when the SUSY-breaking slepton mass parameter ~m`L is
much smaller than all the other SUSY parameters. In general, the charged slepton ~` L and
the sneutrino ~` are non-degenerate and split by the so-called D-term potential after EWSB
m2 = m2~` 
L
 m2~` =  m2Z cos 2 c2W , vanishing for tan  = 1. For the sake of comparison,
the charged slepton and neutral sneutrino may be assumed to be degenerate with tan  = 1
at the tree level.
In the L0 scenario, the interactions of the left-handed SU(2)-doublet slepton state with
the EM and weak gauge bosons are described by the Lagrangian
LL
V ~`L ~`L
= e ~`+L
 !
@ ~`
 
L A
 + e
(1=2  s2W )
cW sW
~`+
L
 !
@ ~`
 
L Z
   1
2
e
cW sW
~`
 !
@ ~` Z

  ep
2sW

~`
 !
@ ~`
 
L W
+ + h:c:
 (5.7)
where A
 !
@B = A@B   (@A)B. Note that the gauge coupling strengths of the charged
slepton and neutral sneutrino are identical to those of the Dirac chargino and Dirac neutralino
in the Higgsino case. However, because of their zero spin values, the Lorentz structure of the
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gauge interactions are dierent from that of the chargino and neutralino states. In addition,
there exist 4-point contact gauge interactions of left-handed sleptons. The Lagrangian for
the  ~` L ~`
 
L and Z
~` 
L
~` 
L four-point vertices read
LL
Z ~` L ~`
 
L
= e2 ~`+L
~` 
LAA
 + 2e2
(1=2  s2W )
cW sW
~`+
L
~` 
LAZ
 (5.8)
Because of these momentum-independent contact terms the charged slepton pair production
associated with a hard nal-state as well as initial-state photon emission exhibits a S-wave
threshold excitation pattern in contrast to the P -wave excitation pattern in the neutral sneu-
trino pair production only with a hard initial photon emission, as shown later in Sec. 5.2.2.
5.1.4 Feynman rules for a vector boson converting into a particle pair and a
photon
Depending on the electric charge and spin of the SUSY EW particle X, the vertex V X X
for the process V (q)! X(q1) X(q2) with V = ; Z can be parameterized as
hX(q1) X(q2)jjV (q)i = ecVX
8><>:
(q1   q2) for spin-0 chaged sleptons or sneutrinos
u(q1)
v(q2) for spin-1/2 charginos or neutralinos
(5.9)
with q = q1 + q2 and the normalized couplings c
V
X for (V = ; Z) expressed as
c
 H
= c~` 
L
= 1; cZ
 H
= cZ~` 
L
=
(1=2  s2W )
cW sW
; cZ0H
= cZ~` =  
1
2cW sW
(5.10)
c
 W
= 1; cZ
 W
=
cW
sW
; cZ0W
= 0 (5.11)
in terms of cW and sW .
In addition to the standard three-point vertices in Eqs. (5.10) and (5.11), there exists a
four-point momentum-independent vertex contributing to the FSR process V  !  ~` L ~`+L in
the L0 scenario:
h ~`+L ~` L jjV i = 2e2 dV~` 
L
g (5.12)
with the normalized couplings d;Z~` 
L
identical to c;Z~` 
L
given in Eq. (5.10).
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5.1.5 Radiatively-induced mass dierence
Although in all the three scenarios the charged and neutral SUSY particles are degenerate in
mass before EWSB, the gauge symmetry breaking part in the MSSM causes a nite calculable
mass splitting through radiative corrections. Moreover, the so-called D-term potential leads
to an additional mass splitting between the spin-0 charged slepton and neutral sneutrino in
the L0 scenario unless the two Higgs vacuum expectation values, vu = v cos  and vd = v sin ,
are equal, i.e. tan  = 1.
At the leading order the mass splitting stems from one-loop virtual photon and Z-boson
exchange corrections to the masses and the wave functions of the chargino and neutralino
states in the H1=2 or W1=2 scenarios [285, 290{296, 318]. The one-loop mass splitting for the
on-shell SUSY states is
mH = mH
 m0H =

4
 [f(mZ=)  f(0)] (5.13)
mW = mW
 m0W =

4s2W
M2

f(mW=M2)  c2Wf(mZ=M2)  s2Wf(0)

(5.14)
respectively, where the loop function f(a) = 2
R 1
0
dx (1+x) ln [x2 + (1  x)a2] and  = e2=4.
The asymptotic value of the mass splitting for ;M2  mZ is mZ=2 ' 355 MeV and
mW=2(1+cW ) ' 165 MeV, respectively. (In order for the radiatively induced mass splitting
to be dominant, the winos/Higgsinos must be separated from the next-heaviest electroweak
states. For the W1=2 scenario it suces that M1 and  parameters are of order 1 TeV. In
contrast, for the H1=2 scenario, the gaugino massesM1 andM2 must be above 10 TeV, unless
there occur some cancellations between wino and bino contributions [288,319].)
In the L0 scenario, the charged slepton is in general non-degenerate with the neutral
sneutrino, the SU(2)L doublet partner, due to the D-term contribution leading to a mass
splitting ofO(m2Z=Ms) whereMs is a common SUSY-breaking slepton mass parameter, unless
tan  = 1. Even if they are degenerate with tan  = 1 at the tree level, a leading-order mass
splitting arises from one-loop corrections with virtual sleptons of same and dierent avor
and Higgs bosons as well as virtual photon, Z-boson andW -boson diagrams. Nevertheless, as
the splitting must vanish without EWSB, it is therefore bounded by a quantity proportional
to the EM ne structure constant times the Z-boson mass.
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5.2 SINGLE-PHOTON PROCESSES AT e+e  COLLIDERS
In the above scenarios, the pair of SUSY states may be produced at the ILC via s-channel
=Z exchanges. However, as the mass splitting between the charged and neutral states is
of the order of a few hundred MeV, the expected signatures at the ILC can vary from soft
(pT  300 MeV) decay products through displaced vertices to massive charged tracks. We do
not perform any sophisticated analyses for distinguishing the charged modes from the neutral
modes in the present work and assume the charged and neutral states in each scenario to
be (nearly) degenerate in the following numerical analyses. For more dedicated studies for
separating the charged modes from the neutral modes and measuring the mass splitting
based on the visible decay products of the charged states, we refer to Refs. [287,288].
One method to search for production of invisible particles is to identify an associated
hard radiated photon in single-photon processes in e+e  collisions, e+e  !  + =E. In the
three fH1=2;W1=2; L0g scenarios, a pair of charged or neutral particles, X X, are produced
through a virtual  or Z-exchange and accompanied by a hard photon radiation in the
single-photon process
e+e  !  V  or V  !  X X with V = ; Z (5.15)
For the neutral 0H
0
H and ~`~

` pairs, the photon in the single-photon process (5.15) is
radiated only from the initial electron or positron line, but for every charged pair the photon
is emitted also from the nal charged particle lines as shown in Fig. 5.1. In each process,
the ISR and FSR parts are separately EM gauge invariant and develop no interference terms
between them (when the Z-boson width is ignored).
The FSR part has been ignored in most of the previous studies on the single-photon
processes. In the present analysis we include not only the ISR part but also the FSR
part for assessing the validity of the ISR approximation and the inuence of the FSR part
in characterizing the (nearly) invisible particles through single-photon processes in e+e 
collisions.
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Figure 5.1: Feynman diagrams for the single-photon process e+e  ! X X with the charged
or neutral particle-antiparticle pair, X and X. The diagrams (a) and (b) are for the
ISR processes with the photons radiated from the initial electron and positron lines with
X = f H;W ; 0H ; ~` L ; ~`g and the diagrams (c) and (d) for the FSR processes with the pho-
tons emitted from the nal-state charged particles with X = f H;W ; ~` Lg. The diagram (e)
involving a four-point coupling is only for a scalar particle X = ~` L .
5.2.1 Initial state radiation
We ignore the electron mass except for avoiding collinear singularity. We include the possible
e beam polarizations P in studying the dependence of the signal process e+e  ! X X
on the photon energy fraction x = 2E=
p
s and the photon scattering angle  with respect
to the e  momentum direction in the e+e  center-of-mass (CM) frame.
The ISR eect can be expressed in a factorized form with a universal Weizsacker-Williams
radiator function [320{322] as
d(e+e  ! X X)ISR
dx d cos 
= R(s;x; cos ) X X(q2) (5.16)
where the ISR radiator function R can be expressed to a very good approximation as
R(s;x; cos ) = 

1
x

1 + (1  x)2
1 + 4m2e=s  cos2 
  x
2

2

(5.17)
which is nearly independent of the beam energy except for the forward or backward collinear
direction. The total cross section of the X X pair production in e+e  annihilation to be
evaluated with the reduced CM energy squared q2 = (1  x)s is given by
X
X(q2) =
22
3q2
qP(X;P ; P+; q2)K(q) (5.18)
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with q =
p
1  4m2X=(1  x)s, the speed of the particle X in the X X CM frame. The
polarization-dependent factor P is dened in terms of the beam polarizations and  and
Z-boson propagators as
P(X;P ; P+; q2) = (1 + P )(1  P+)
4
 cX + cRcZX q2q2  m2Z
2
+
(1  P )(1 + P+)
4
 cX + cLcZX q2q2  m2Z
2
(5.19)
with cL = (1=2   s2W )=cW sW and cR =  sW=cW and the couplings cX and cZX given in
Eqs. (5.10) and (5.11). The kinematical factor K(q) reads
K(q) =
8><>:
2q for spin-0 charged slepton or sneutrino
2(3  2q ) for spin-1/2 chargino or neutralino
(5.20)
The range of x is 0  x  1   4m2X=s with its maximal value xmax = 1   4m2X=s corre-
sponding to the X X production threshold with q = 0. Asymptotically when q ! 0, i.e.
x ! 1  4m2X=s, the cross section is proportional to 3q for the spin-0 particles, exhibiting
a slowly-rising P -wave threshold excitation, but it is proportional to q for the spin-1/2
particles, exhibiting a steeply-rising S-wave excitation near the threshold.
5.2.2 Final state radiation
Unlike the ISR eect, the FSR parts of the photon-energy and angular distributions are not
universal and have no collinear singular term.
For any charged pair X X =  H
+
H ; 
 
W
+
W ;
~` 
L
~`+
L , the dependence of the FSR part on
the FSR photon energy fraction x and the photon scattering angle  can be decomposed
as
d(e+e  ! X X)FSR
dx d cos 
=
3
8

(1 + cos2 )FX1 (s;x) + (1  3 cos2 )FX2 (s;x)

 X X(s)
(5.21)
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where the nal-state radiator functions FX1;2 are process-dependent. Explicitly, for the pro-
duction of a chargino pair with X =  H or 
 
W , the FSR radiator functions are given by
FX1 (s;x) =


1
x
q
s

(1 + 2s   2x)L(q)  2(1  x) +
2x2
3  2s
[L(q)  1]

(5.22)
FX2 (s;x) =


1
x
q
s
2
3  2s

2  2x   (1  2s )L(q)

(5.23)
in terms of x with s =
p
1  4m2X=s, the CM speed of the X in the process e+e  ! X X
with no photon emission [323]. On the other hand, for the production of a charged slepton
pair with X = ~` L , the FSR radiator functions read
FX1 (s;x) =


1
x
q
s

(1 + 2s   2x)L(q)  2(1  x) +
2x2
2s

(5.24)
FX2 (s;x) =


1
x
q
s
1
2s

(3  2s   2x)L(q)  6(1  x)

(5.25)
with the logarithmic function L(q) dened by
L(q) =
1
q
ln

1 + q
1  q

(5.26)
Integrating the distribution over the full range of the photon scattering angle, the normalized
FSR-photon energy distribution approaches a well-known universal FSR radiator function
in the soft-photon limit with x close to zero:
FX1 (s;x) !


1
x

(1 + 2s )L(s)  2

as x ! 0 (5.27)
independently of the spin of the charged particle emitting the photon [324,325].
When the photon energy fraction approaches the X X threshold, the radiator function
FX2 goes to zero  3q for both the spin-0 and spin-1/2 cases. In contrast to this P -wave
behavior, the radiator function FX1 exhibits a S-wave threshold behavior as
FX1 (s;x) !


q
8><>:
2=s for spin-0 charged slepton
2s=(3  2s ) for spin-1/2 chargino
as x ! 2s (5.28)
not only for the spin-1/2 chargino case but also for the spin-0 charged slepton case. In
the charged slepton case, the S-wave excitation of the FSR part is due to the momentum-
independent four-point contact terms contributing to the diagram in Fig. 5.1(e).
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Figure 5.2: Ratio of the FSR to the ISR versus x in the production of a charged pair at a
500 GeV ILC. The solid and dashed lines are for mX = 100 GeV and 200 GeV, respectively.
The up-ward (red) and falling (blue) lines are for the spin-0 charged slepton case and the
spin-1/2 chargino cases, respectively.
5.2.3 Eects of the ISR and FSR in charged pair production
The FSR part in the photon-associated charged pair production is expected to be much
smaller in magnitude than the ISR part as the photon in the FSR part is generated from a
charged particle much heavier than the electron. Because of this generally-expected feature,
the FSR part has been ignored in most previous analytic and numerical analyses on the
single-photon processes. In this subsection, we assess the validity of the ISR approximation
critically by exploiting the ratio of the FSR part to the ISR part dened as
RFI(x) = d(e
+e  ! X X)FSR=dx
d(e+e  ! X X)ISR=dx : (5.29)
in terms of the x-dependent distributions derived by integrating Eqs.(5.16) and (5.21) over
the scattering angle , respectively.
Figure 5.2 shows the dependence of the ratio of the FSR part to the ISR part for two
mass values, mX = 100 GeV (solid lines) and 200 GeV (dashed lines). The photon scattering
angle has been restricted to 10 <  < 170. As the falling (blue) lines indicate, the
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FSR part of the chargino pair production cross section is consistently smaller than the
corresponding ISR part and it becomes negligible, in particular, near the threshold. As the
mass increases, the ratio is even more suppressed. Nevertheless, for more precise mass and
coupling measurements it will be more meaningful to include the FSR part in any realistic
analyses.
In contrast to the spin-1/2 chargino case, the ratio of the FSR part to the ISR part does
not monotonically decrease with increasing x in the slepton scenario. In fact, the ratio blows
up near the threshold, as the FSR part decreases in proportion to q in S-waves while the ISR
part decreases in proportion to 3q in P -waves. Therefore, the FSR contribution qualitatively
changes the threshold behavior, although it would be challenging to quantitatively determine
the fast-falling distribution at the threshold with limited statistics, as will be discussed in
Sec. 5.3.2.
5.3 CHARACTERISTICS OF THE PRODUCTION CROSS SECTIONS
The most severe irreducible background to the signal events under consideration is the stan-
dard e+e  !  with  = e;  and  . For the sake of comparison, the unpolarized x
distribution for the background is shown (solid line on the top) together with the distribu-
tions for dierent SUSY EW particles with mX = 100 GeV in Fig. 5.3. Throughout this
chapter, we will illustrate our results for a 500 GeV ILC.
For mX > mZ=2, one powerful kinematic cut for reducing the irreducible background
reaction e+e  !  can be applied to the recoil mass squared q2 = (q1 + q2)2 = (p1 +
p2   k)2 = s(1   x) which can be very accurately reconstructed by measuring the photon
energy fraction x. We evaluate the overall statistical signicance NSD for the signal and
background by summing over all events not only with the photon energy and angular cuts
applied but also with the recoil mass cut
p
q2 > 2mX . Note that this mass cut eliminates
the Z-pole contribution to the  background.
Another way of removing the background signicantly is to exploit the electron and
positron beam polarizations. The t-channel W -exchange diagrams contribute to the back-
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Figure 5.3: Unpolarized x distribution d=dx with mX = 100 GeV at a 500 GeV ILC, for
dierent SUSY EW particles, as well as that of the background process e+e  !  (solid
line on the top). The photon scattering angle has been restricted to 10 <  < 170.
ground process e+e  ! ee only for the left-handed electrons so that the background can
be signicantly reduced by taking the right-handed electron and left-handed positron beams.
However, which beam polarization is more ecient for the signal signicance is determined
also according to the polarization dependence of the signal events.
5.3.1 Statistical signicance of signal events
In order to quantify whether an excess of signal photons from the X X pair production,
NS = L for a given integrated luminosity L, can be measured over the NB = LB SM
background photons from the radiative neutrino production, we dene a simple-minded
theoretical signicance
NSD =
NSp
NS +NB
=
p
 + B
p
L (5.30)
For our simple numerical analysis we require the photon energy to be E > 10 GeV, cor-
responding to x > 0:04 and the photon scattering angle to be 10
 <  < 170 so as to
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guarantee that the photon will have an accurate momentum measurement. We also assume
the CM energy
p
s = 500 GeV and the total integrated luminosity L = 0:5 ab 1.
The number of signal events needed for a required NSD depends not only on the beam
polarization, but also on mX , since the recoil mass cut
p
q2 = 2mX is applied to the back-
ground process. For example, for mX = 100 GeV, the total cross section of the background
for (P ; P+) = ( 0:8;+0:3) is about 6230 fb implying NS  8840 signal events needed for
statistical signicance NSD = 5, while for (P ; P+) = (+0:8; 0:3) the cross section is 400 fb
and only NS  2250 signal events is enough to reach NSD = 5.
Figure 5.4 shows the dependence of the signal signicance NSD on the mass mX . The
left panel is for the spin-1/2 chargino or neutralino pair production and the right panel is
for the spin-0 slepton pair production. In each panel, the solid lines are for the left-handed
electron and right-handed positron beam polarizations with (P ; P+) = ( 0:8;+0:3) and the
dashed lines for the right-handed electron and left-handed positron beam polarization with
(P ; P+) = (+0:8; 0:3).
The value of the statistical signicance NSD is very sensitive to the beam polarizations
in the wino-type chargino W and Higgsino-type neutralino 
0
H cases. As the red solid and
dashed lines in the left panel indicate, the signicance for the Higgsino-type neutralino 0H is
enhanced with the right-handed/left-handed electron/positron beam polarizations. On the
contrary, the signicance for the wino-type chargino W is greatly enhanced with the left-
hand/right-handed electron/positron beam polarizations. In both H1=2 and W1=2 scenarios,
the neutralinos as well as charginos can be discovered with large statistical signicances up
to their mass close to the beam energy
p
s=2.
In contrast, as shown in the right panel of Fig. 5.4 the value of the statistical signicance
for the charged slepton pair and the sneutrino pair production is so small that the charged
slepton and the neutral sneutrino can be discovered only when its mass is less than 100 GeV
and 60 GeV, respectively. Higher integrated luminosity would thus be desirable for the scalar
state searches.
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5.3.2 Spin determination
As indicated by the kinematical factor K(q) in Eq. (5.20), the threshold behavior of the
production cross section of a neutral pair is distinctly dierent in the spin-0 and spin-1/2
cases. As the red solid and dashed lines in Fig. 5.5 show, the normalized cross section for a
spin-1/2 Higgsino-type Dirac neutralino pair is steeply excited in S-waves at the threshold
but the corresponding cross section for a spin-0 sneutrino pair is slowly excited in P -waves.
In this neutral pair production case, the spin identication can be made unambiguously
through the x distribution pattern near the threshold.
Like the neutral case, the ISR part of the production cross section for a charged pair
exhibits a S-wave and P -wave excitation for the spin-1/2 and spin-0 particle, respectively. As
pointed out before, the FSR part is steeply excited in S-waves even in the spin-0 case, which
could spoil the characteristic spin-0 P -wave threshold behavior for the ISR part. However, as
can be checked quantitatively with the relative contribution of the FSR part in Fig. 5.2, the
FSR part becomes larger than the ISR only when the photon energy fraction x is extremely
close to the threshold value, where both the FSR and ISR parts are already very small due to
the suppressed phase-space factor q. Therefore, as shown in Fig. 5.5, the spin of the SUSY
EW particles can be determined through the excitation pattern of the (normalized) photon
energy distributions near the threshold   a sharp S-wave excitation for a spin-1/2 particle
and a slow P -wave excitation for a spin-0 particle, only with a negligible contamination of
the FSR part even for the charged pair production.
It would be instructive to quantify the statistical signicance of the measurement for
the energy distributions. Assuming the CM energy
p
s = 500 GeV and the total integrated
luminosity L = 0:5 ab 1 we examine the signal distributions after the background subtrac-
tion, like those in Fig. 5.5. For illustration, we compare the three production scenarios for
H1=2; W1=2 and L0. In Figs. 5.6, we show predicted shapes of the event distributions versus
x by the solid curves, for mX = 100 GeV (upper row) and 60 GeV (lower row), respectively.
To be realistic, we also include the statistical error bars as determined by the large number of
background events
p
NB in the last three bins near the threshold. As noticed earlier, the L1=2
scalar signal is not nearly as good as the fermionic states. Thus the spectrum determination
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near the threshold is signicantly worse as shown in Fig. 5.6(c) and (f). Nevertheless, the
dierence between the spin-1=2 and spin-0 distributions is unambiguously distinguishable as
seen from the gures. The dierence becomes more distinctive for lighter states. If future
data hint at low cross section scalar signal, it will warrant a dedicated experimental study
including soft decay products, which could signicantly improve signal-to-background ratio
as shown in Ref. [288]. In such a case a denitive conrmation of the scalar nature could be
achieved already with moderate luminosities.
5.3.3 Ratio of left-handed and right-handed cross sections
To see the polarization dependence of the signal cross sections, we dene the left-right (LR)
ratio of the purely right-handed cross section to the purely left-handed cross section:
RLR(X;x) = d(e
+e R ! X X)=dx
d(e+e L ! X X)=dx
(5.31)
obtained after applying the photon-angle cut described before. Fig. 5.7 shows the x depen-
dence of the ratio of the right-handed electron cross section to the left-handed electron cross
section.
Before discussing the features that the LR ratios exhibit, we note that formX = 100 GeV
the inequality relation s  q2  4m2X = 4 104 GeV2  m2Z is satised so that the polariza-
tion factor P dened in Eq. (5.19) is nearly constant over the whole x range [0:05; 0:84]. In
particular, for the neutral pair production with the photon radiated from the initial electron
or positron line and with no virtual-photon exchange, the ratio is indeed constant and its
value for the SU(2)L doublet state X = 
0
H ; ~` is given by
RLR[X] = c
2
R
c2L
=
s4W
(1=2  s2W )2
' 0:648 for X = 0D; ~` (5.32)
independently of the spin of the produced particle X for s2W ' 0:223 given in Ref. [326], as
shown in the left frame of Fig. 5.7.
In contrast to the neutral pair production, the LR ratio for each charged pair production
exhibits a slight dependence on the photon energy fraction x with a visible variation near
the threshold with x = 1   4m2X=s = 0:84 (see the lower two lines in the left frame of
85
Fig. 5.7). The reason is that the cross section for the charged pair production consists
not only of the ISR but also of the FSR parts which have dierent x-dependent radiator
functions as well as slightly dierent x-dependent polarization factors. Note that the initial
polarization factor is a function of q2, i.e. x, while the nal polarization factor is constant
for a given
p
s. Neglecting the slight variations due to the FSR contributions, the LR ratio
RLR is given to a good approximation by
RLR[X] '
8><>:
4s4W  0:199 for X =  H ; ~` L
0 for X =  W
(5.33)
The approximately zero ratio RLR in the wino-type chargino case can be traced to the
perfect cancellation between the  and Z exchange diagrams for the right-handed electron
beam polarization, i.e. 1 + cR c
Z
 W
= 1  (sW=cW )(cW=sW ) = 0 in the asymptotic limit.
The right frame of Fig. 5.7 shows the LR ratio of the inclusive sum of the charged
and neutral pair production cross sections in each scenario. Again this inclusive LR ratio
remains almost constant and enables us to distinguish the W1=2 scenario from the H1=2 and
L0 scenarios.
Figure 5.8 shows the statistical errors of the LR ratio measurements as determined by
the background uctuation
p
NB, for the three scenarios with two dierent representative
masses mX = 100 GeV (left panel) and 60 GeV (right panel), assuming
p
s = 500 GeV CM
energy and L = 0:5 ab 1 luminosity with both polarizations (P ; P+) = (0:8;0:3). It is
clear that the W1=2 and H1=2 scenarios show very distinct value, even after the uctuation of
the background is included. However, similar to the spin determination, it is less impressive
to measure the ratio for the L1=2 scenario, due to its low signicance.
5.3.4 Alternative discrimination methods
While the Higgsino-type neutralino 0H in the H1=2 scenario is a Dirac fermion, the wino-type
neutralino 0W in the W1=2 scenario is a Majorana fermion. Unlike the Dirac neutralino the
Majorana neutralino 0W can mediate via a t-channel exchange a typical fermion-number
violating process such as the same-sign chargino-pair production process, W W  !  W W .
The possible e e  collision mode of the ILC experiments enables us to distinguish the W1=2
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scenario from the H1=2 scenario by searching for the same-sign WW fusion process via the
process e e  ! eeW W  ! ee W W .
Although the neutral state X0 of the (nearly) degenerate pair [X ; X0] in each scenario
is stable, the charged state X  can decay to X0 via charged current interactions. For
the typical loop-induced mass dierences of a few hundred MeV the most important decay
modes are X  ! X0 ; X0e e and X0 . The decay products typically have low pT , but
as demonstrated for the proposed International Large Detector (ILD) at the ILC tracking
eciency of 60% can be expected down to pT values of 200 MeV [89]. On the other hand,
the inner layer of the ILD vertex detector would be extended down to the radius of 1.6 cm,
therefore oering good prospects of observing X  tracks, which in this case would have a
decay length of O(10 cm) or less. The combination of dierent detection methods based
on the massive charged tracks, displaced vertices, and soft decay products will enable us to
cover all mass dierences. Since relatively low data volumes are expected, no hardware trigger
would be needed allowing for search of rare processes. Even in the case when the decays
products can be observed, all scenarios analyzed here would lead to the same nal state.
The angular photon distributions would therefore oer a convenient discrimination method.
Finally, angular distributions of the decay products would provide additional information on
the spin, but such an analysis is beyond scope of the present study.
5.4 SUMMARY
Given the current null results for SUSY searches at the LHC, we were strongly motivated to
consider the situation in which the only accessible SUSY states are EW gauginos, Higgsinos
or sleptons. We explored three characteristic scenarios, each of which has a nearly degenerate
pair of a charged state and a neutral state with a small mass dierence. In the framework of
MSSM the three cases can be characterized as (a) two spin-1/2 Higgsino SU(2)L doublets, (b)
a spin-1/2 wino SU(2)L triplet and (c) a spin-0 left-handed slepton SU(2)L doublet beyond
the SM particle spectrum. We presented the theoretical structures, their interactions with
the SM elds and their radiatively-induced mass splitting in Sec. 5.1.
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Due to near mass degeneracy, not only the neutral particle but also the charged particle
of each pair is not easily detectable in collider experiments. We rst presented the analytic
expressions for the pair production of an invisible neutral pair involving a hard photon
emission, and discussed their general features from the initial state radiation (ISR) and the
nal state radiation (FSR) in Sec. 5.2. In our numerical studies, we illustrated our results
with a 500 GeV ILC. We provided a detailed and systematic analysis with polarized electron
and positron polarizations so as to check the detectability of the charged particles as well
as neutral particles and how well their properties can be characterized. As discussed in
Sec. 5.2.3, the FSR eect in the spin-1/2 charged pair production, compared to the ISR part,
decreases monotonically in size from about 40 (10)% for x = 0:04 and becomes negligible
close to the threshold with x = 0:84 (0:36) for mX = 100 (200) GeV and
p
s = 500 GeV.
Therefore, the previous analyses in the literature based on the ISR approximation are rather
reliable, especially when the massmX is not far from the half of the e
+e  CM energy
p
s. On
the contrary, in the spin-0 charged pair production, the FSR eect becomes larger than the
ISR part near the threshold as shown in Fig. 5.2, which might endanger any consequences
based simply on the ISR approximation. Nevertheless, we found that, in spite of the FSR
contamination, the results based on the ISR approximation are quantitatively very similar
to those with both the ISR and FSR parts.
In Sec. 5.3.1, we studied the signal observation with respect to the SM backgrounds.
We also demonstrated in Sec. 5.3.2 that the excitation pattern near the threshold can be
exploited through the photon energy distribution to determine the spin of the SUSY EW
particles unambiguously. The (normalized) photon energy distribution near threshold shows
a steeply-rising S-wave excitation for a spin-1/2 pair while a slowly-rising P -wave excitation
for a spin-0 pair, even after the contamination from the FSR part is included (see Fig. 5.5).
For two representative masses mX = 100 and 60 GeV, we showed, in Fig. 5.6, that the
threshold patterns of the H1=2 andW1=2 scenarios can be determined with a good accuracy at
the ILC with the CM energy
p
s = 500 GeV and the total integrated luminosity L = 0:5 ab 1,
and they are notably distinctive from the L1=2 scenario.
Furthermore, the LR ratio of right-handed and left-handed cross sections introduced in
Sec. 5.3.3 takes very dierent values according to the production modes;  s4W=(1=2 s2W )2 '
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0:65 for X = 0D and ~`;  4s4W ' 0:20 for X =  H and ~` L ; and  0 for X =  W . Even
after taking the inclusive sum of the charged and neutral modes in each scenario, the LR
ratio has a nearly constant value that can be used for distinguishing the W1=2 scenario from
the others even with statistical error included, as shown in Fig. 5.7 and Fig. 5.8. Therefore,
in addition to enhancing the statistical signicance sizably, the electron and positron beam
polarizations are very powerful in characterizing the production modes. Combining the LR
ratio and the threshold excitation pattern, we can identify unambiguously which scenario
among the three scenarios is realized. Our analyses are easily generalizable to other collider
energies as long as the pair production is kinematically accessible.
Our analytic and numerical results demonstrate clearly the strong physics potential of the
ILC in detecting and characterizing the invisible particles, complementary to the very dicult
searching environment at the LHC. Further detailed analyses and detector simulations may
be needed to reach fully realistic conclusions at the ILC.
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Figure 5.4: Statistical signicanceNSD versusmX for
p
s = 500 GeV and the total integrated
luminosity L = 0:5 ab 1. The left panel is for the spin-1/2 chargino or neutralino pair
production and the right panel for the spin-0 slepton pair production. The solid/dashed
lines are for the left-handed/right-handed electron and right-handed/left-handed positron
beam polarizations with (P ; P+) = (0:8;0:3), respectively.
Figure 5.5: Normalized distribution versus the photon energy fraction x with mX = 100
GeV. Eects of both FSR and ISR are included.
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(a) (b) (c)
(d) (e) (f)
Figure 5.6: Photon energy fraction distribution near the threshold, after the background
subtraction, with mX = 100 GeV (rst row) and 60 GeV (second row). The statistical error
bars correspond to the background uctuation
p
NB
.
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Figure 5.7: Ratio of the purely right-handed electron cross section to the purely left-handed
electron cross section versus the photon energy fraction x with mX = 100 GeV. Left panel:
individual channels of the pair production. Right panel: inclusive sums of the charged and
neutral pair production.
Figure 5.8: Ratio of the purely right-handed electron total cross section to the purely left-
handed electron total cross section with mX = 100 GeV (left panel) and 60 GeV (right
panel). The statistical error bars correspond to the background uctuation
p
NB that comes
from the measurement of the total cross sections with polarizations (P ; P+) = (0:8;0:3).
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6.0 SPIN AND CHIRALITY EFFECTS IN ANTLER-TOPOLOGY
PROCESSES AT HIGH ENERGY e+e  COLLIDERS
Once any new particle indicating new physics beyond the SM is discovered at the LHC or
high energy e+e  colliders, one of the rst crucial steps is to experimentally determine its spin
as well as its mass because spin is one of the canonical characteristics of all particles required
for dening a new theoretical framework as a Lorentz-invariant quantum eld theory [41].
Many models beyond the SM [24{36] have been proposed and studied not only to re-
solve several conceptual issues like the gauge hierarchy problem but also to explain the dark
matter (DM) composition of the Universe with new stable weakly interacting massive par-
ticles [37{39]. For this purpose, a (discrete) symmetry such as R paity in supersymmetric
(SUSY) models and Kaluza-Klein (KK) parity in universal extra-dimension (UED) models
is generally introduced to guarantee the stability of the particles and thus to explain the
DM relic density quantitatively. As a consequence, the new particles can be produced only
in pairs at high energy hadron or lepton colliders, leading to challenging signatures with at
least two invisible nal-state particles.
In chapter, we study the following production-decay
e+e  ! P+P  ! (`+D0)(`  D0) (6.1)
dubbed antler-topology events [57], which contain the production of an electrically charged
pair P+P  in e+e  collisions followed by the two-body decays, P+ ! `+D0 and P  ! `  D0,
giving rise to a charged lepton pair `(= e; ) and an invisible pair D0 D0 (See Fig. 6.1).
The invisible particle D0 may be charge self-conjugate, i.e. D0 = D0. Nevertheless, it
is expected to be insubstantial quantitatively whether the particle is self-conjugate or not,
unless the width of the parent particle P is very large and there exist large chirality mixing
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Figure 6.1: The correlated process e+e  ! P+P  ! (`+D0)(`  D0) characterized by the
antler-topology diagram. Here, the invisible nal-state particle D0 might be charge self-
conjugate, i.e. (D0)c = D0.
contributions [327]. So, any interference eects due to the charge self-conjugateness of the
invisible particle will be ignored in the present work.1
If the parent particle P  carries an electron number Le(P ) = +1 or a muon number
L(P ) = +1, then the nal-state leptons must be e e+ or  +, respectively, if electron
and muon numbers are conserved individually and the invisible particles, D0 and D0, carry
no lepton numbers. On the other hand, if the parent particle carries no lepton number,
the nal-state leptons can be any of the four combinations, fe e+; e +;  e+;  +g, and
the invisible particles, D0 and D0, must carry the same lepton number as ` = e; ,
respectively.
Once the masses of new particles are determined by (pure) kinematic eects [328], a
sequence of techniques increasing in complexity can be applied to determine the spins and
chirality properties of particles in the correlated antler-topology process at e+e  colliders
[329{334]:
(a) Rise of the excitation curve near threshold with polarized electron and positron beams;
(b) Angular distribution of the production process;
1An indirect but powerful way of checking the charge self-conjugateness of the particle D0 is to study
the process e e  ! P P  to which the self-conjugate particle D0 can contribute through its t-channel
exchange. The e e  mode is under consideration as a satellite mode at the ILC.
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(c) Angular distributions of the decays of polarized particles;
(d) Angular correlations between decay products of two particles.
While the rst and second steps (a) and (b) are already sucient in the case with a spin-
0 scalar P = Sp as will be demonstrated in detail, the production-decay correlations
need to be considered for the case with a spin-1/2 fermion P = Fp and a spin-1 P =
V p to determine the P spin unambiguously; in principle a proper combination of these
complementary techniques enables us to determine the spins of the invisible particles, D0 and
D0, and all the intermediate particles exchanged in s-, t- or u-channel diagrams participating
in the production process. For our numerical analysis we follow the standard procedure.
We show through detailed simulations how the theoretically predicted distributions can be
reconstructed after including initial state QED radiation (ISR), beamstrahlung and width
eects as well as typical kinematic cuts.
The chapter is organized as follows. In Sect. 6.1 we describe a general theoretical frame-
work for the spin and chiral eects in antler-topology processes at high energy e+e  colliders.
In Sect. 6.2 we present the complete amplitudes and polarized cross sections for the produc-
tion process e+e  ! P+P  in the e+e  center-of-mass (c.m.) frame with the general set of
couplings listed in Appendix A. The technical framework we have employed is the helicity for-
malism [335]. Then, we present in Sect. 6.3 the complete helicity amplitudes of the two-body
decays P+ ! `+D0 and P  ! `  D0 with general couplings given in Appendix A. Sect. 6.4
describes how to obtain the fully-correlated six-dimensional production-decay angular distri-
butions by combining the production helicity amplitudes and the two two-body decay helic-
ity amplitudes and by implementing arbitrary electron and positron polarizations [336{340].
Sect. 6.5, the main part of the present work, is devoted to various observables: the threshold-
excitation patterns, the production angle distributions equipped with polarized beams, the
lepton decay polar-angle distributions and the lepton angular-correlations of the two two-
decay modes. They provide us with powerful tests of the spin and chirality eects in the
production-decay correlated process. While all the analytic results are maintained to be gen-
eral, the numerical analyses are given for the theories with (approximate) electron chirality
conservation such as SUSY and UED models and a subsection will be devoted to a brief
discussion of the possible inuence from electron chirality violation eects. Finally, we sum-
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marize our ndings and conclude in Sect. 6.6. For completeness, we include three appendices
in addition to Appendix A. In Appendix B, we list all of the Wigner d-functions used in the
main text [341]. In Appendix C, we describe how to obtain the expression of the produc-
tion matrix element-squared for arbitrary polarized electron and positron beams. Finally,
in Appendix D we give an analytic proof of the presence of a twofold discrete ambiguity in
determining the P momenta in the process e+e  ! P+P  ! (`+D0)(`  D0), even if the
masses of the particles, P and D0 ( D0), are a priori known.
6.1 SETUP FOR MODEL-INDEPENDENT SPIN DETERMINATIONS
Generally, the production part e+e  ! P+P  of the antler-topology process (6.1) can occur
through s-, t- and/or u-channel diagrams in renormalizable eld theories, as shown in Fig. 6.2.
Which types of diagrams are present and/or signicant depend crucially on the nature of
the new particles, P, D0 and D0 as well as the SM leptons ` and on the constraints from
the discrete symmetries conserved in the theory.
e
−
e
+
P−
P+
=
e
−
e
+
S0
P−
P+
+
e
−
e
+
T 0
P−
P+
+
e
−
e
+
U−−
P−
P+
Figure 6.2: New s-channel S0-exchange diagrams (including the standard - and Z-exchange
diagrams), new t-channel T 0-exchange diagrams and new u-channel U  -exchange diagrams
to the pair-production process e+e  ! P+P .
We assume that the new particles, P, D0 and D0, are produced on-shell in the antler-
topology process (6.1), and they are uncolored under the SM strong-interaction group so that
they are not strongly interacting.2 Motivated mainly by the DM problem, the new particles
2In addition, assuming the widths of the new particles to be much smaller than their corresponding
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are assumed to be odd under a conserved discrete Z2-parity symmetry. Therefore, they
can only be produced in pairs at high energy hadron and lepton colliders with an initial Z2-
parity even environment such as LHC, ILC, TLEP and CLIC, etc. Furthermore, the invisible
particle D0 participating in the two-body decay P+ ! e+D0, if the decay mode is present,
is included among the particles T 0 exchanged in the t-channel diagram of the production
process e+e  ! P+P . This implies that unavoidably at least one of the particles T 0 is
lighter than the particle P in the antler-topology process with ` = e.
As the P  as well as the electron e  is singly electrically-charged, the s- and t-channel
processes are mediated by (potentially several) neutral particles, S0 and T 0, but any u-
channel processes must be mediated by (potentially several) doubly-charged particles, U  .
In passing, we note that most of the popular extensions of the SM such as supersymmetry
(SUSY) and universal extra-dimension (UED) models contain no doubly-charged particles
so that there exist only s-channel and/or t-channel exchange diagrams but no u-channel
exchange diagrams contributing to the production process e+e  ! P+P . The s-channel
scalar-exchange contributions may be practically negligible as well because the electron-
chirality violating couplings of any scalar to the electron line are strongly suppressed in
proportion to the tiny electron mass in those SUSY and UED models.
Since the on-shell particles, P, D0 and D0 as well as the virtual intermediate particles,
S0; T 0 and U, are not directly measured, their spins and couplings as well as masses are
not a priori known. The neutral state S0 can be a spin-0 scalar, S0s , or a spin-1 vector boson,
V 0s , including the standard gauge bosons V
0
s = ; Z as well. Each of the other intermediate
particles can be a spin-0 scalar, a spin-1/2 fermion or a spin-1 vector boson, assigned in
relation to the spin of the particle P. In any Lorentz-invariant theories, there exist in total
twenty (20 = 2 + 8 + 8 + 2) dierent spin assignments for the production-decay correlated
antler-topology process (6.1) as
(JP ;JD; JS ;JT ;JU)=
 
0; 1
2
; 0 1; 1
2
; 1
2

;
 
1
2
; 0; 0 1; 0 1; 0 1 ;
 
1
2
; 1; 0 1; 0 1; 0 1 ; 1; 1
2
; 0 1; 1
2
; 1
2
 (6.2)
masses, we neglect their width eects for any analytic expressions, although we consider them in numerical
simulations in the present work.
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with spins up to 1 and couplings consistent with renormalizable interactions. The symbols
used for the particles in our analysis are listed in Table 6.1 along with their charges, spins
and Z2 parities. Generically, the intermediate states, S0, T 0 and U   may stand for several
dierent states, although typically the on-shell particle P or D0 stands for a single state.
Note that, if the parent particle P turns out to be a spin-0 or spin-1 particle, then the
daughter particles, D0 and D0, and the t- and u-channel intermediate particles T 0 and U
are guaranteed to be spin-1/2 particles.
Particle Spin Charge Z2 Parity
0 1=2 1
`  `   1 +
D0 S0d F 0d V 0d 0  
P  S p F p V  p  1  
S0 S0s F 0s V 0s 0 +
T 0 S0t F 0t V 0t 0  
U   S  u F  u V   u  2  
Table 6.1: List of symbols used for the particles in our analysis with their electric charges,
spins and Z2 parities. The symbol `
  denotes an electron e  or a muon  . The last three
lines are for the new particles exchanged in the s-, t- and u-channel diagrams including
the neutral electroweak gauge bosons,  and Z, exchanged in the s-channel diagram in the
production process, e+e  ! P+P .
Among the elementary particles discovered so far, the electron is the lightest electrically-
charged particle in the SM. Its mass me ' 0:51MeV  2  10 6 v is much smaller than
the vacuum expectation value (vev) v ' 246 GeV of the SM Higgs eld, the weak scale for
setting the masses of leptons and quarks, as well as the c.m. energies of future high-energy
e+e  colliders. Any kinematic eects due to the electron mass are negligible so that the
electron will be regarded as a massless particle from the kinematic point of view in the
present work. The near masslessness of the electron is related to the approximate chiral
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symmetry of the SM. Any new theory beyond the SM should guarantee the experimentally-
established smallness of the electron mass. This is a challenge in new theories beyond the
SM since they usually involve larger mass scale(s) than the weak scale. One simple and
natural protection mechanism is chiral symmetry.3
Nevertheless, we do not impose any type of chiral symmetry so as to maintain full
generality in our model-independent analysis of spin and chirality eects, emphasising the
importance of checking experimentally to what extent the underlying theory possesses chiral
symmetry. In each three-point vertex involving a fermion line, i.e. two spin-1/2 fermion
states, we allow for an arbitrary linear combination of right-handed and left-handed couplings.
Only in our numerical examples will every interaction vertex involving the initial e line and
the nal-state lepton ` (= e; ) be set to be purely chiral, as is nearly valid in typical
SUSY and UED models, apart from tiny contaminations proportional to the electron or
muon masses generated through the BEH mechanism of EWSB [342{346].
6.2 PAIR PRODUCTION PROCESSES
In this section we present the analytic form of helicity amplitudes for the production process
e (p ;  ) + e+(p+; +) ! P (q ;  ) + P+(q+; +) (6.3)
with the s-, t- and u-channel contributions as depicted in Fig. 6.2 with the general three-
point couplings listed in Appendix A. Here, we discuss only the amplitudes for on-shell P
pair production. The technical framework for our analytic results is the standard helicity
formalism [335].
The helicity of a massive particle is not a relativistically invariant quantity. It is invariant
only for rotations or boosts along the particle's momentum, as long as the momentum does
not change its sign. In the present work, we dene the helicities of the P in the e+e  c.m.
frame. Helicity amplitudes contain full information on the production process and enable
3Other possible solutions for getting a massless fermion naturally is that the fermion is a Nambu-Goldstone
fermion, the super-partner of an unbroken gauge boson or the super-partner of a Goldstone boson.
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us to take into account polarization of the initial e+e  beams in a straightforward way as
described in Appendix C.
Generically, ignoring the electron mass, we can cast the helicity amplitude into a compact
form composed of two parts - an electron-chirality conserving (ECC) part Qc and an electron-
chirality violating (ECV) part Qv - as
M[e  e++ ! P  P++ ] =
p
2e2

+;  Q
c
 ; ;+ + +; Q
v
 ; ;+

dJ0;() (6.4)
where J0 = max(jj; jj) with the dierence of the e helicities  = Je(  +) = 1; 0
and that of the P helicities  = JP(    +). Here, Je = 1=2 and JP are the spin of the
electron and the particle P , respectively. No helicity indices are needed when the spin of
the particle P is zero, i.e. JP = 0. After extracting the spin value of the electron and P , 
takes two values of 1 while  takes two values of 1 or three values 1; 0 for JP = 1=2
or 1, respectively. Frequently, in the present work we adopt the conventions,  ;+ =  and
 ;+ = ; 0, will be used to denote the sign of the re-scaled helicity values for the sake of
notational convenience. The angle  in Eq. (6.4) denotes the scattering angle of P  with
respect to the e  direction in the e+e  c.m. frame. The explicit form of the d functions
needed here is reproduced in Appendix B.
The polarization-weighted polar-angle dierential cross sections of the production process
can be cast into the form
dPpol
d cos 
=
2
4s

(1  PL PL+)(C++ + C  ) + (PL    PL+)(C++   C  )
+ (1 + PL P
L
+)(V++ + V   ) + (PL  + PL+)(V++   V   )
+ 2P T P
T
+ cos Re(V + ) + 2P T P T+ sin  Im(V + )

(6.5)
with  the relative opening angle of the electron and positron transverse polarizations and 
the speed of pair-produced particles, where PL;T is the degrees of longitudinal and transverse
polarizations and  is the relative opening angle of the e transverse polarizations. The ECC
100
and ECV production tensors C and V are dened in terms of the reduced production helicity
amplitudes by
C =
X
 ;+
Qc; ;+2 dJ0;()2 (6.6)
V0 =
X
 ;+
 
Qv; ;+Q
v
0; ;+
 
dJ00;()
2
(6.7)
with ; 0 = 1 or simply  for notational convenience. (For more detailed derivation of the
polarized cross sections, see Appendix C.) The polarized total cross section Ppol can then be
obtained by integrating the dierential cross section over the full range of cos .
If all of the coupling coecients are real and all the particle widths are neglected, the
following relations must hold for both the ECC and ECV parts of the production helicity
amplitudes:
Qc; ;+ = Q
c
; +;   and Q
v
; ;+ = Q
v
 ; +;   (6.8)
as a consequence of CPT invariance in the absence of any absorptive parts. Therefore,
violation of this relation indicates the presence of re-scattering eects. On the other hand,
CP invariance leads to the relation:
Qc; ;+ = Q
c
; +;   and Q
v
; ;+ = Q
v
 ; +;   (6.9)
independently of the absorptive parts so that the relation can be directly used as a test of
CP conservation. Similarly, it is easy to see that P invariance leads to the relation for both
the ECC and ECV amplitudes:
Qc;v; ;+ = Q
c;v
 ;  ; + (6.10)
which is violated usually through chiral interactions such as weak interactions in the SM.
Applying the P and CP symmetry relations to the ECC and ECV production tensors,
(6.6) and (6.7), we can classify the six polar-angle distributions in Eq. (6.5) according to their
P and CP properties as shown in Table 6.2. We nd that the two combinations, C++ + C  
and V++ + V   , contributing to the unpolarized part are both P - and CP -even whereas the
terms, C++   C   and V++   V   , linear in the degrees of longitudinal polarization are P -odd
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and CP -even. One of the two transverse-polarization dependent parts, Re(V + ), is both P -
and CP -even and the other one, Im(V + ), is both P - and CP -odd. Unlike the other ve
distributions, the distribution Im(V + ) vanishes due to CPT invariance if all the couplings
are real.
Polar-angle distributions P CP
C++ + C   even even
C++   C   odd even
V++ + V   even even
V++   V   odd even
Re(V + ) even even
Im(V + ) odd odd
Table 6.2: P and CP properties of the production polar-angle distributions separable with
initial beam polarizations.
As can be checked with the expression of the last line in Eq. (6.5), the transverse-
polarization dependent parts can be non-zero only in the presence of some non-trivial ECV
contributions so that they serve as a useful indicator for the ECV parts. If both the elec-
tron and positron longitudinal polarizations are available, then we can obtain the ECC and
ECV parts of the unpolarized cross section separately. For the degrees  of e longitudinal
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polarization the ECC and ECV parts of the cross section are given by the relations:
dPcunpol
d cos 
=
2
4s
(C++ + C  )
=
1
8 +
"
(1 +  +)
 
dP"#
d cos 
+
dP#"
d cos 
!
  (1   +)
 
dP""
d cos 
+
dP##
d cos 
!#
(6.11)
dPvunpol
d cos 
=
2
4s
(V++ + V   )
=
1
8 +
"
(1 +  +)
 
dP""
d cos 
+
dP##
d cos 
!
  (1   +)
 
dP"#
d cos 
+
dP#"
d cos 
!#
(6.12)
where the upper arrow (") or down arrow (#) indicates that the direction of longitudinal
polarization is parallel or anti-parallel to the particle momentum with the rst and second
one for the electron and positron, respectively. Furthermore, we can construct two P -odd
LR-asymmetric quantities, of which one is ECC and the other is ECV, as
APcLR 
2
4s
(C++   C  )
=
1
8  +
"
(  + +)
 
dP"#
d cos 
  d
P
#"
d cos 
!
  (    +)
 
dP""
d cos 
  d
P
##
d cos 
!# (6.13)
APvLR 
2
4s
(V++   V   )
=
1
8  +
"
(  + +)
 
dP""
d cos 
  d
P
##
d cos 
!
  (    +)
 
dP"#
d cos 
  d
P
#"
d cos 
!# (6.14)
These observables, APcLR and APvLR, are expected to play a crucial role in diagnosing the chiral
structure of the ECC and ECV parts of the production process, respectively. Furthermore,
Eq. (6.11) and Eq. (6.13) are powerful even when electron chirality invariance is violated.
As we will see, they enable us to extract the ECC parts separately so that the analysis of
observables discussed in Sect. 6.5 can be adopted without any further elaboration.
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6.2.1 Charged spin-0 scalar pair S+p S
 
p production
The production of an electrically charged spin-0 scalar pair S+p S
 
p in e
+e  collisions
e (p ;  ) + e+(p+; +) ! S p (q ) + S+p (q+) (6.15)
is generally mediated by the s-channel exchange of neutral spin-0 S0s and spin-1 V
0
s (including
the standard  and Z bosons), by the t-channel exchange of neutral spin-1/2 fermions F 0t ,
and also by the u-channel exchange of doubly-charged spin-1/2 fermions F  u . The t- or
u-channel diagrams can contribute to the process only when the produced scalar S p has the
same electron number as the electron or positron in theories with conserved electron number.
(Again,  ;+ = 1 are twice the electron and positron helicities and the convention  ;+ = 
is used.)
The amplitude of the scalar-pair production process in Eq. (6.15) can be expressed in
terms of four generalized ECC and ECV bilinear charges, Qc and Q
v
, in the e
+e  c.m.
frame as
M  e  e++ ! S p S+p  = p2e2 +;   Qc  + +;  Qv  dJ0;0() (6.16)
where J0 = jj with  = (  +)=2 = 1; 0 and  is the scattering polar angle between
S p with respect to the e
  direction in the e+e  c.m. frame. Explicitly, the ECC and ECV
reduced helicity amplitudes are given in terms of all the relevant 3-point couplings listed in
Appendix A by
Qc = 
h
sVees
SS
V Ds(M
2
Vs)  jteSFj2Dt(M2Ft ;M2Sp) + jueSFj2Du(M2Fu ;M2Sp)
i
(6.17)
Qv =  
1p
2

sSees
SS
S Ds(M
2
Ss) 
MFt
MSp
teSFt
eS
F Dt(M
2
Ft ;M
2
Sp)
 MFu
MSp
ueSFu
eS
F Du(M
2
Fu ;M
2
Sp)
 (6.18)
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in terms of the boost factor  =
p
s=2MSp and the re-scaled angle-independent s-channel
propagator Ds(M
2
a ) and the re-scaled angle-dependent t-channel and u-channel propagators,
Dt(M
2
a ;M
2
b ) and Du(M
2
a ;M
2
b ) dened as
Ds(M
2
a ) =
1
1 M2a=s+ iMa a=s
(6.19)
Dt=u(M
2
a ;M
2
b ) =
1
ab   cos  (6.20)
with ab = 1+ 2(M
2
a  M2b )=s and cos  in the e+e  c.m. frame. All of the propagators are
constant, i.e. independent of the polar angle at threshold with  = 0, i.e. when the scalar
pair S+p S
 
p are produced at rest. (The width  a appearing in the s-channel propagator is
supposed to be much smaller than Ma and the c.m. energy so that their eects will be
ignored in our later numerical analyses.)
Using the explicit form of d functions (see Appendix B), we obtain the polarization-
weighted dierential cross sections of the production of scalar particles as
dSpol
d cos 
=
2
8s


(1  PL PL+)(jQc+j2 + jQc j2) sin2  + (PL    PL+)(jQc+j2   jQc j2) sin2 
+2(1 + PL P
L
+)(jQv+j2 + jQv j2) + 2(PL  + PL+)(jQv+j2   jQv j2)
+4P T P
T
+ cos Re(Q
v
+Q
v
  ) + 4P
T
 P
T
+ sin  Im(Q
v
+Q
v
  )

(6.21)
where PL;T and  are the degrees of longitudinal and transverse e
 polarizations and the
relative opening angle of the e transverse polarizations. The polarized total cross section
Spol can be then obtained by integrating the dierential cross section over the full range
of cos . One noteworthy point is that the transverse-polarization dependent parts on the
last line in Eq. (6.21) survive even after the integration if there exist any non-trivial ECV
amplitudes.
Inspecting the polarization-weighted dierential cross sections in Eq. (6.21), we nd the
following aspects of the scalar pair production:
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 As previously demonstrated in detail for the production of scalar smuon or selectron
pairs in SUSY models, the ECC part of the production cross section of an electrically-
charged scalar pair in e+e  collisions, originated from the J = 1 e+e  system, has
two characteristic features. Firstly, the cross section rises slowly in P -waves near the
threshold, i.e.  3 as the ECC amplitudes Qc are proportional to . Secondly, as the
total spin angular momentum of the nal system of two spinless scalar particles is zero,
angular momentum conservation generates the sin2  dependence of the ECC part of the
dierential cross section, leading to the angular distribution  sin2  near the threshold.
 However, the two salient features of the ECC parts are spoiled by any non-trivial ECV
contributions originated from s-channel scalar exchanges or t- and u-channel spin-1/2
fermion exchanges with both left-handed and right-handed couplings. Near the threshold
the ECV amplitudes become constant. Therefore, in contrast to the ECC part the ECV
part of the total cross section rises sharply in S-waves   and the ECV part of the
dierential cross section is isotropic.
 As mentioned before, even in the presence of both the ECC and ECV contributions,
the electron and positron beam polarizations can provide powerful diagnostic handles
for dierentiating the ECC and ECV parts. On one hand, the presence of the ECV
contributions, if not suppressed, can be conrmed by transverse e polarizations.4 On
the other hand, longitudinal electron and positron polarizations enable us to extract out
the ECC parts and to check the chiral structure of the three-point eeSs, eFtSp and eFuSp
couplings.
 Then, the polar-angle distribution can be used for conrming the presence of t- or u-
channel exchanges, as the distribution is peaked near the forward and/or backward di-
rections for the t- and/or u-channel contributions.
 If there exist only s-channel contributions, then the ECC and ECV part of the angular
distribution is proportional to sin2  and to a constant in the scalar-pair production in
e+e  collisions, respectively.
4As is well known, transversely-polarized electron and positron beams can be produced at e+e  circular
colliders by the guiding magnetic eld of storage rings through its coupling to the magnetic moment of
electrons and positrons.
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To nd which of the these aspects are unique to the spin-0 case we need to compare them
with the spin-1/2 and spin-1 case.
Asymptotically the ECV amplitudes become vanishing  M2Sp=s and the ECC ones
remain nite as can be checked with Eqs. (6.17) and (6.18). As the c.m. energy increases,
the ECV contributions diminish and the ECC part of the unpolarized cross section of a
scalar-pair production scales as
Scunpol !
2
6s
 jsVee+sSSV j2 + jsVee sSSV j2 as s ! 1 (6.22)
in the absence of both t- and u-channel contributions, following the simple scaling law / 1=s,
and the cross section scales in the presence of the t-channel and u-channel contributions as
Scunpol !
2
4s
h jteSF+j22 +  jteSF j22i log sM2Ft +
h jueSF+j22 +  jueSF j22i log sM2Fu

as s ! 1
! 
2
4s
h jteSF+j22 +  jteSF j22 +  jueSF+j22 +  jueSF j22i log sM2Sp
as s ! 1
(6.23)
as expected from the near-forward and near-backward enhancements of the t- and u-channel
exchanges. (The expression on the last line in Eq. (6.23) is obtained by replacing all the
intermediate masses by the scalar massMSp as a typical mass scale.) As the ECC part of the
Sp -pair production cross section is zero in strict forward and backward direction  = 0; 
due to angular momentum conservation, the cross section remains scale-invariant apart from
the logarithmic coecients.
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6.2.2 Charged spin-1/2 fermion pair F+p F
 
p production
The analysis presented in Subsect. 6.2.1 for the scalar pair production repeats itself rather
closely for new spin-1/2 fermion states, Fp . In addition to the standard  and Z exchanges,
there may exist the s-, t- and u-channel exchanges of new spin-0 scalar states, S0s ; S
0
t and
S  u , and new spin-1 vector states, V
0
s ; V
0
t and V
  
u . Despite the complicated superposition
of scalar and vector interactions, the helicity amplitudes of the production of an electrically-
charged fermion pair, F+p F
 
p , can be decomposed into the ECC and ECV parts as in Eq. (6.4)
with  = (  +)=2 = 1; 0,  = (  +)=2 = 1; 0, and J0 = max(jj; jj) = 1; 0.
Explicitly, employing the general couplings listed in Appendix A, we obtain for the ECC
helicity amplitudes Qc ; ;+ for which J0 = 1:
Qc;; =  
1
2
sVee
 
sFFV+ + s
FF
V 

Ds(M
2
Vs)
+
1
2
h
jteFSj2Dt(M2St ;M2Fp)  jueFSj2Du(M2Su ;M2Fp)
i
+
1
2

2 +
M2FP
M2Vt

jteFVj2Dt(M2Vt ;M2Fp)
 
 
2 +
M2Fp
M2Vu
!
jueFVj2Du(M2Vu ;M2Fp)
#
(6.24)
for the same Fp helicities,   = + =  = , and
Qc;;  =  
1p
2
sVee

(sFFV+ + s
FF
V ) +  (s
FF
V+   sFFV )

Ds(M
2
Vs)
+
1p
2
h
(1 ) jteFSj2Dt(M2St ;M2Fp)  (1 ) jueFSj2Du(M2Su ;M2Fp)
i
+
1p
2
"
2(1 ) + M
2
Fp
M2Vt
(1 )
#
jteFVj2Dt(M2Vt ;M2Fp)
  1p
2
"
2(1 ) + M
2
Fp
M2Vu
(1 )
#
jueFVj2Du(M2Vu ;M2Fp) (6.25)
for the opposite Fp helicities,   =  + =  =  with the boost factors,  =
p
s=2MFp
and  =
q
1  4M2Fp=s. On the other hand, the ECV reduced helicity amplitudes Qv ; ;+
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read
Qv;; =
1
2
p
2
sSee

(sFFS+   sFFS  )  (sFFS+ + sFFS  ) 

Ds(M
2
Ss)
  1
2
p
2
(  ) (1  cos ) teFSteFS Dt(M2St ;M2Fp)
  1
2
p
2
(  ) (1  cos )ueFSueFS Du(M2Su ;M2Fp)
+
1p
2
"
2(  )  M
2
Fp
M2Vt
(  )(1  cos )
#
teFVt
eF
V Dt(M
2
Vt ;M
2
Fp)
+
1p
2
"
2(  )  M
2
Fp
M2Vu
(  )(1  cos )
#
ueFVu
eF
V Du(M
2
Vu ;M
2
Fp) (6.26)
for the same Fp helicities,   = + =  = , and
Qv;;  =
1
2
h
teFSt
eF
S Dt(M
2
St ;M
2
Fp)  ueFSueFS Du(M2Su ;M2Fp)
i
+
1
2
"
M2Fp
M2Vt
teFVt
eF
V Dt(M
2
Vt ;M
2
Fp) 
M2Fp
M2Vu
ueFVu
eF
V Du(M
2
Vu ;M
2
Fp)
#
(6.27)
for the opposite Fp helicities,   =  + =  = . From these ECC and ECV reduced
amplitudes, one can get the polarized dierential cross section by using Eq. (6.5).
Inspecting the explicit form of the ECC and ECV reduced helicity amplitudes leads to
the following features of the amplitudes:
 Near threshold, the ECC reduced amplitudes become independent of the Fp helicities,
leading to the relation Qc;;  =
p
2Qc;;. This implies that the ECC part of the
unpolarized dierential cross section behaves like
dFcunpol
d cos 
 1 + 2 cos2  G( cos ) +    ! at near the threshold (6.28)
 Because not only the e but also the particle Fp are electrically charged, there exists at
least an s-channel  exchange contribution to the production process with pure vector-
current couplings as see = s
FF
 = +1. This contribution generates a non-zero signicant
amplitude at threshold with  = 0 as can be proved with Eq. (6.25). Therefore, the rise
of the excitation curve of the unpolarized production cross section must be of an S-wave
type, i.e. Fcunpol   near the threshold. Note that this threshold pattern is not spoiled
by the ECV contributions.
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 If there are neither t-channel nor u-channel exchange diagrams, the ECV reduced helicity
amplitudes Qv;;  are vanishing and all the other non-vanishing ECV reduced ampli-
tudes are constant. Therefore, the ECV part of the polar-angle distribution is isotropic.
On the other hand, in this case, the production cross section rises in P -waves or S-waves
when the SsFpFp coupling is of a pure scalar type (s
FF
S+ = s
FF
S  ) or of a pure pseudoscalar
type (sFFS+ =  sFFS  ).
 The ECV ECC t-channel and/or u-channel contributions arise from non-chiral eStFp; eSuFp
scalar and/or eVtFp; eVuFp vector couplings. They develop a non-trivial angular depen-
dence near the threshold
dFvunpol
d cos 
! av + bv cos2 +    with av > 0 and bv 6= 0 near the threshold(6.29)
The sign of the coecient bv depends on the relative size of the scalar and vector contri-
butions in the t- and u-channel diagrams.
Compared with the spin-0 case, we can claim that the spin-1/2 case has distinct character-
istics in the threshold behavior and the polar-angle distribution.
As the c.m. energy increases, the ECC amplitudes with the same Fp helicities and
the ECV amplitudes with the opposite Fp helicities vanish  M2Fp=s. However, the ECC
amplitudes with the opposite Fp helicities and the ECV amplitudes with the same F

p
helicities are nite in the asymptotic high-energy limit as can be checked with Eqs. (6.24),
(6.25),(6.26) and (6.27). Therefore, unlike the spin-0 case, both the ECC and ECV parts of
the unpolarized cross section of the fermion-pair production scale asymptotically as
Fcunpol !
2
3s
 jsVee+sFFV+j2 + jsVee sFFV j2 + jsVee+sFFV j2 + jsVee sFFV j2
as s ! 1
(6.30)
Fvunpol !
2
4s
 jsSee+sFFS+ j2 + jsSee sFFS  j2 + jsVee+sFFS  j2 + jsVee sFFS  j2
as s ! 1
(6.31)
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in the absence of both t- and u-channel contributions, following the simple scaling law / 1=s,
and both the ECC and ECV parts of the cross section scale in the presence of the t-channel
and u-channel contributions as
Fcunpol ! 2

1
M2Vt
 
(jteFV+j2)2 + (jteFV j2)2

+
1
M2Vu
 
(jueFV+j2)2 + (jueFV j2)2

as s ! 1
(6.32)
Fvunpol ! 2
"
M4Fp
M6Vt
jteFV+teFV  j2 +
M4Fp
M6Vu
jueFV+ueFV  j2
#
as s ! 1 (6.33)
as expected from the forward and backward enhancements of the t- and u-channel exchanges,
which is a remnant of the Rutherford pole damped by the Yukawa mass cut-o in the
exchange of heavy particles. The size of the cross section is set by the Compton wave-lengths
of the particles exchanged in the t-channel and/or u-channel.
6.2.3 Charged spin-1 vector-boson pair V +p V
 
p production
Similarly to the production of an electrically-charged spin-0 scalar pair, the production of
an electrically-charged spin-1 vector-boson pair V +p V
 
p in e
+e  collisions
e (p ;  ) + e+(p+; +) ! V  p (q ;  ) + V +p (q+; +) (6.34)
is generally mediated by the s-channel exchange of neutral spin-0 particles S0s and spin-1
particles V 0s (including the standard  and Z bosons), by the t-channel exchange of neu-
tral spin-1/2 fermions F 0t , and also by the u-channel exchange of doubly-charged spin-1/2
fermions F  u , if the produced scalar V
 
p has the same lepton number as the positron, when
electron number conservation is imposed on the theory. Here,  ; + are twice the electron
and positron helicities and  ; + = 1; 0 are the V p helicities, respectively.
The amplitude describing the production process in Eq. (6.34) can be expressed in terms
of the scattering angle  between the e  and V  p momentum directions in the e
+e  c.m.
frame as in Eq. (6.4) with  = (    +)=2 = 0;1,  =     + = 0;1;2 and
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J0 = max(jj; jj). Explicitly, the ECC reduced helicity amplitudes Qc ; ;+ are given
by
Qc ;; =  sVee sV VV Ds(M2Vs) + (   cos )jteVF  j2Dt(M2Ft ;M2Vp)
 ( + cos )jueVF j2Du(M2Fu ;M2Vp)
(6.35)
Qc ; 0; 0 =(2
2 + 1)Qc ;; + cos 
h
jteVF  j2Dt(M2Ft ;M2Vp) + jueVF  j2Du(M2Fu ;M2Vp)
i
(6.36)
Qc ;; 0 =Q
c
 ;0; = 2 Q
c
 ;; 
 

h
jteVF  j2Dt(M2Ft ;M2Vp) + jueVF  j2Du(M2Fu ;M2Vp)
i
(6.37)
Qc ;; = 
p
2
h
jteVF j2Dt(M2Ft ;M2Vp) + jueVF j2Du(M2Fu ;M2Vp)
i
(6.38)
and the ECV reduced helicity amplitudes by
Qv ;; =  
1p
2
sSee s
V V
S Ds(M
2
Ss)
+
1p
2
MFt
MVp
(1   cos ) teVF teV F  Dt(M2Ft ;M2Vp)
+
1p
2
MFu
MVp
(1   cos )ueVF ueV F  Du(M2Fu ;M2Vp) (6.39)
for both transversely polarized vector bosons with the same helicity, and
Qv ; 0; 0 =
p
2(1   2=2) sSee sV VS Ds(M2Ss)
 
p
2
MFt
MVp
(1   2=2   cos ) teVF teV F  Dt(M2Ft ;M2Vp)
 
p
2
MFu
MVp
(1   2=2 +  cos )ueVF ueV F  Du(M2Fu ;M2Vp) (6.40)
for both longitudinally polarized vector bosons, respectively. For jj = 1 with one trans-
versely polarized and one longitudinally polarized vector bosons and for jj = 2, we have
Qv ;; 0 = Q
v
 ;0; =
(   )p
2

MFt
MVp
teVF t
eV 
F   Dt(M
2
Ft ;M
2
Vp)
 MFu
MVp
ueVF u
eV 
F   Du(M
2
Fu ;M
2
Vp)

(6.41)
Qv ;; = 0 (6.42)
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2 Here, the boost factors are  =
p
s=2MVp and  =
q
1  4M2Vp=s. The ECC diagrams with
s-channel V 0s -exchange such as the standard s-channel  and Z exchange have only a J = 1
partial wave because of angular momentum conservation, contributing to only the seven
nal helicity combinations with J0 = 1. On the other hand, the diagrams with t-channel
and u-channel fermion exchanges have all the partial waves with J  J0.
In the case with J0 = 2 only the F
0
t and F
  
u exchange diagrams can contribute to
this nal-state conguration. Moreover, because jj = 2, the nal vector bosons are
both transverse [(; ) = (;)]. Thus these amplitudes do not have any bad high-energy
behavior.
The other seven ECC nal helicity combinations give J0 = 1. Five of them have at least
one longitudinal Vp, which could give a divergent behavior at high energies. Some parts of
the amplitudes Qc ;;0 = Q
c
 ;0; and Q
c
 ;0;0 are proportional to the ECC amplitude Q
c
 ;;
with the proportionality coecients,  or 2, respectively, as expected from longitudinal V p
counting. To avoid the bad high-energy behavior, it is necessary to satisfy the two relations5
among the couplings as provided by gauge symmetry in the SM [347{349]:
sVees
V V
V = jteVFj2   jueVFj2 (6.43)
sSees
V V
S =
MFt
MVp
teVFt
eV 
F +
MFu
MVp
ueVFu
eV 
F (6.44)
for each electron helicity   = , leading to an eective cancellation among the s-channel,
t-channel and u-channel contributions so that the ECC amplitudes Qc ;; and Q
c
 ;0;0 and
the ECV ampltitudes Qv ;0;0 vanish asymptotically as the c.m. energy increases.
6
If the ECC cancellation condition (6.43) for the ECC part is satised, the ECC ampli-
tudes Qc ;;0 = Q
c
 ;0; for one longitudinal and one transverse Vp pair decrease as 
 1 at
high energies, while the ECC amplitudes Qc ;; are suppressed by (1   )   2 since
Dt=u  (1  cos ) 1 at high energies. Therefore, only three of the nine ECC helicity com-
binations, (+; ); ( ;+) and (0; 0), survive at high energies. On the other hand, if the ECV
5If the electron mass is not ignored, additional divergent parts proportional to the mass appear in the
ECV parts with longitudinally polarized V p . They can be cancelled by the s-channel scalar exchanges with
their couplings proportional to the electron mass as in the SM.
6The cancellation conditions enforce the condition that sVees
V V
V are real and s
S
ees
V V
S are complex con-
jugate to each other.
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cancellation condition (6.44) is satised, the J0 = 0 ECV amplitudes, Q
v
 ;; and Q
v
 ;0;0
are suppressed by  1 while the J0 = 1 ECV amplitudes, Qv ;;0 and Q
v
 ;0;, survive at
high energies.
The three ECC amplitudes surviving at high energies do not contribute to the ECC cross
section equally. The J0 = 2 ECC amplitudes with the (;) helicity combinations dominate
over the other (0; 0) ECC amplitude at high energies because of the t-channel and/or u-
channel polar factors 1=(   cos ) which peaks at cos  = 1 with a (1  ) 1  2
enhancement. (In practice the peaks appear below j cos j = 1 because the relevant d2 ;2
functions with j j = 1 are proportional to sin  and vanish at j cos j = 1.) As there
must exist the t-channel and/or u-channel contributions for preserving the good high-energy
behavior of the cross section by compensating the s-channel ; Z contributions for both of
the e+e  helicity combinations ( ; +) = (;), the ECC unpolarized cross section scales
asymptotically as
V cunpol !
42
s

(jteVF+j2)2 + (jteVF j2)2

log
s
M2Ft
+

(jueVF+j2)2 + (jueVF j2)2

log
s
M2Fu

as s ! 1
(6.45)
which follows the typical scaling law / 1=s apart from the logarithmic parts.
In contrast, the J0 = 2 ECV amplitudes are zero and, with the ECV cancellation con-
dition (6.44), only the J0 = 1 ECV amplitudes Q
v
;;0 and Q
v
;0; survive asymptotically,
leading to the form of the ECV cross section:
V vunpol !
22
s
"
M2Ft
M2Vp
jteVF+teV F  j2 log
s
M2Ft
+
M2Fu
M2Vp
jueVF+ueV F  j2 log
s
M2Fu
#
as s ! 1(6.46)
which follows the scaling law / 1=s apart from the logarithmic parts with the mass-squared
of the intermediate particles indicating the chiral-ipping phenomena.
At threshold of the spin-1 vector pair production, the total spin becomes equal to the
total angular momentum so that it takes only the three values, J = 0; 1; 2, because no
orbital angular momentum is developed between the nal V p . Among the three possible
angular momenta, J = 0 is forbidden for the ECC parts because the initial e+e  state can
have only J  1 if the electron mass is neglected. The ECC part of the cross section needs
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to have a J = 2 contribution from t-channel or u-channel spin-1/2 fermion exchanges or a
J = 1 contribution from new s-channel spin-1 vector-boson exchanges, partly as a means for
erasing the bad high-energy behavior. In the presence of the t- or u-channel contributions
as in the SM, the ECC part of the total cross section rises sharply in S-waves near threshold
as
V cunpol 
42
M2Vp
( jteVF+j2
1 +M2Ft=M
2
Vp
+
jueVF+j2
1 +M2Fu=M
2
Vp
2
+
 jteVF  j2
1 +M2Ft=M
2
Vp
+
jueVF j2
1 +M2Fu=M
2
Vp
2)

(6.47)
while the ECC part of the angular distribution
1
V cunpol
dV cunpol
d cos 
 1
2
+O() cos  (6.48)
is essentially at in the threshold region and the at behavior is modied linearly in  above
the threshold, unless the theory is P -invariant.
If there exist any ECV contributions in the s-, t- and/or u-channel diagrams due to
non-chiral couplings, the ECV amplitudes for the spin-1 vector-boson pair production are
nite at threshold so that the ECV part of the cross section rises sharply in S-waves near
threshold as
V vunpol 
82
M2Vp

3B1 + 2B2

 (6.49)
with the non-negative functions dened as B1 and B2
B1 =
 2sSee+sV VS M2Vp4M2Vp  M2Ss   teVF+teV F  MVpMFtM2Vp +M2Ft   ueVF+ueV F  MVpMFuM2Vp +M2Fu
2 (6.50)
B2 =
 teVF+teV F  MVpMFtM2Vp +M2Ft   ueVF+ueV F  MVpMFuM2Vp +M2Fu
2 (6.51)
and, similarly to the ECC part, the ECV part of the angular distribution is essentially at
in the threshold region.
Comparing the predictions for the excitations of the spin-1 electrically-charged vector
bosons with those of the spin-1/2 electrically-charged fermions leads us to the conclusion
that the onset of the excitation curves alone does not discriminate one from the other.
Therefore, the analyses of the nal-state two-body decay processes and/or production-decay
angular correlations are required for discriminating the spin-1 vector bosons from the spin-
1/2 fermions.
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6.3 TWO-BODY DECAYS
The decay amplitudes D  and D+ of the two-body decays, P  ! `  D0 and P+ ! `+D0,
are most simply expressed in the P  and P+ rest frames, respectively. We dene each of
these frames by a boost of the e+e  c.m. frame along the z-axis as shown in Fig. 6.3. In the
P rest frame, we parameterize the ` four-momenta, p1 and p3, as
p1 = p

`  =
M2P  M2D
2MP
(1; sin   cos ; sin   sin ; cos  ) (6.52)
p3 = p

`+ =
M2P  M2D
2MP
(1; sin + cos+; sin + sin+;  cos +) (6.53)
In this convention of the coordinate systems the angles of the charged lepton are chosen as
( ;  ) in the P  decays and (   +; +) in the P+ decays.
It is a straightforward exercise to evaluate the helicity amplitudes of the decays P  !
`  D0 and P+ ! `+D0 with the general couplings listed in Appendix A in the P rest
frames described before. Generically, when the charged lepton masses are ignored, the decay
amplitudes can be written as
D [P   ! ` 1 D02 ] = eKPDD [P  ! `  D0]12 dJP ;1 2( ) ei(  1+2)  (6.54)
D+[P++ ! `+3D04 ] = eKPDD+[P+ ! `+D0]34 dJP+;3 4(+) e i(+ 3+4)+ (6.55)
with KPD =
p
M2P  M2D and  (+); 1(3) and 2(4) the helicities of the particles
P (P+); ` (`+) and D0(D0). We obtain for all the decay combinations with P = Sp ; Fp ; V p
and D0 = F 0d ; S0d ; V 0d the reduced decay helicity amplitudes:
D [S p ! `  F 0d ]12 = 21 d`FS1 (6.56)
D [F p ! `  S0d ]1 = d`SF1 (6.57)
D [F p ! `  V 0d ]12 =  
hp
2 21 + 20(MFp=MVd)
i
d`VF1 (6.58)
D [V  p ! `  F 0d ]12 =
h
21(MFd=MVp) +
p
2 2; 1
i
d`FV 1 (6.59)
and the reduced decay amplitudes for the charge-conjugated decays P+ ! `+D0 are given
by the relation
D+[P+ ! `+D0]34 = D [P  ! `  D0] 3; 4 (6.60)
up to an overall sign. The sign + is for P = V p and the sign   for P = Sp ; Fp .
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6.4 FULL ANGULAR-CORRELATIONS OF THE FINAL-STATE
LEPTONS
In this section we present the most general angular distribution of the decay products in the
correlated production-decay process, following the formalism in Ref. [350]
e (p ;  ) + e+(p+; +) ! P (q ;  ) + P+(q+; +)
P (q ;  ) ! ` (p1; 1) + D0(p2; 2)
P+(q+; +) ! `+(p3; 3) +D0(p4; 4) (6.61)
with two visible massless charged leptons ` and two invisible neutral particles D0 and D0 in
the nal state. Combining the production process and two decay processes, we can extract
explicitly the dependence of the correlated cross section on nal charged lepton angles as
well as the production angles and beam polarizations.
6.4.1 Derivation of the correlated distributions
The fully production-decay correlated amplitudes can be expressed in terms of the production
and decay helicity amplitudes as follows:
M(p ;  ; p+; +; p1;2; 1;2; p3;4; 3;4) (6.62)
= P (q2 )P+(q
2
+)
X
 ;+
M(p ;  ; p+; +; q ;  ; q+; +)
D (q ;  ; p1; 1; p2; 2)D+(q+; +; p3; 3; p4; 4) (6.63)
where the Breit-Wigner propagator factors P for the P particles are
P(q2) = (q
2
  M2P + iMP P) 1 (6.64)
Here we take the summations over intermediate P polarizations in the helicity basis, i.e.
helicities, which are most convenient for theoretical considerations.
In the c.m. frame of the colliding e+e  beams, we choose the P  momentum direction
as the z-axis and the ~p (e ) ~q (P ) direction as the y-axis so that the scattering e+e  !
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P+P  takes place in the x-z plane (see Fig. 6.3).7 The production amplitude M is then a
function of the scattering angle  between e  and P  momentum directions, as explicitly
shown in the previous section. The explicit form of the production amplitude and two decay
amplitudes in the e+e  c.m. frame can be derived by the relations:
M(p ;  ; p+; +; q ;  ; q+; +) = M[e  e++ ! P  P++ ] (6.65)
D (q ;  ; p1; 1; p2; 2) = D [P   ! ` 1 D02 ] (6.66)
D+(q+; +; p3; 3; p4; 4) = D+[P++ ! `+3D04 ] (6.67)
with the expressions dened in Eq. (6.4) for the production amplitudes and Eqs. (6.54) and
(6.55) for the decay amplitudes, respectively.
6.4.2 Polarization-weighted cross sections
Generally, the full correlations of the production and two two-body decay processes can
contain maximally 24  (2JP + 1)4 independent observables expressed in terms of the e+e 
c.m. energy
p
s and six production and decay angles - two angles (; ') for the production
process and four angles (; ) for two decay processes - for arbitrarily-polarized electron
and positron beams. (Here, JP is the spin of the particle P.) The factor 24 = 16 comes
from the production part and the other (2JP + 1)4 (= 1; 16 and 81 for JP = 0; 1=2 and 1)
from the production-decay correlations.
The polarization-weighted squared matrix elements can be cast into a decomposed form:
X
jMj2 = P (q2 )2 P+(q2+)2 P +0 0+ D 0  D+0+ (6.68)
with the summation over repeated indices ( ; 0 ; +; 
0
+) assumed here and in the following
equations. The polarization-weighted production tensor reads
P +0 0+ =
X
 ;0 
X
+;0+
P  0 P
+
+0+
M[e  e++ ! P  P++ ]M[e  e++ ! P 0 P
+
0+
] (6.69)
7The dependence of the distribution on the production azimuthal-angle ' can be encoded in terms
dependent on the transverse beam polarizations as shown in Appendix C.
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in terms of the production helicity amplitudes, where the electron and positron polarization
tensors P are given in the (+; ) helicity basis by [337]
P  0  =
1
2
0B@ 1 + PL  P T  e i 
P T  e
i  1  PL 
1CA (6.70)
P++0+
=
1
2
0B@ 1 + PL+ P T+ e i+
P T+ e
i+ 1  PL+
1CA (6.71)
respectively, where   =  ' and + =  '+  with the azimuthal angle ' of the P  ight
direction as measured from the electron transverse polarization direction and  the relative
opening angle of the electron and positron transverse-polarization directions. Details of this
calculation for incorporating beam polarizations are given in Appendix C. The decay density
matrices with the daughter particle polarizations summed in Eq. (6.68) are given by
D 0 ( ;  ) =
X
1;2
D [P   ! ` 1 D02 ]D [P 0  ! `
 
1
D02 ] (6.72)
D+0+(+; +) =
X
3;4
D+[P++ ! `+3D04 ]D+[P+0+ ! `
+
3
D04 ] (6.73)
After integration over the virtual P masses squared, q2  and q2+, the unpolarized dierential
cross section can be expressed in the narrow width approximation as
d
d cos d' d cos  d d cos +d+
=
(2JP + 1)2
10244s
Br[P  ! `  D0] Br[P+ ! `+D0]
 P +0 0+ 
 
0 

+
0+
(6.74)
with  = (1  4M2P=s)1=2. Here,  and  are the normalized decay density matrices dened
as

 
0 
=
D 0 
Tr(D) and 
+
0+
=
D+0+
Tr(D) (6.75)
satisfying the normalization conditions Tr() = 1 and Tr() = 1. With this normalization
condition the overall constant K is xed in terms of the branching fractions Br(P  ! `  D0)
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and Br(P+ ! `+D0). By integrating over P+ decays, we obtain the inclusive P  ! `  D0
decay distribution
d
d cos d' d cos  d 
=
(2JP + 1)
2563s
Br[P  ! `  D0] P +0 + 
 
0 
(6.76)
and alternatively we obtain the P+ ! `+D0 decay distribution as
d
d cos d' d cos +d+
=
(2JP + 1)
2563s
Br[P+ ! `+D0] P + 0+ 
+
0+
(6.77)
By further integrating out all the decay lepton angles, we simply get the unpolarized dier-
ential cross section for the production process e+e  ! P+P :
d
d cos d'
=

642s
P + + (6.78)
whose explicit form for the process e+e  ! P+P  can be found in Eq. (6.5). By comparing
Eqs. (6.74), (6.76) and (6.77) with Eq. (6.78) we can get the additional information on not
only the P+P  production amplitudes but also the P decay amplitudes encoded in decay
lepton angular distributions.
6.4.3 Decay density matrices
The explicit form of the normalized decay density matrix for each spin combination of the
parent and daughter particles, P  and D0, in the decay P  ! `  D0 can be derived with
the explicit form of each decay amplitude listed in Eqs. (6.56), (6.57), (6.58) and (6.59),
respectively. For the spin-0 case with P  = S p and D0 = F 0d , the decay matrix is a single
number:
[S p ! `  F 0d ] = 1 (6.79)
generating no production-decay correlations, independently of the chiral structure of the
couplings. On the other hand, for the two spin-1/2 cases, the 2  2 decay density matrices
read
[F p ! `  S0d ] =
1
2
0@ 1 + fs cos   fs sin  ei 
fs sin  e i  1  fs cos  
1A with fs = jd`SF+j2   jd`SF j2jd`SF+j2 + jd`SF j2 (6.80)
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for the spin-0 daughter particle S0d and
[F p ! `  V 0d ] =
1
2
0@ 1 + fvfv cos   fvfv sin  ei 
fvfv sin  e i  1  fvfv cos  
1A
with fv =
M2Fp   2M2Vd
M2Fp + 2M
2
Vd
and fv =
jd`VF+j2   jd`VF j2
jd`VF+j2 + jd`VF j2
(6.81)
for the spin-1 daughter particle V 0d , and the 3 3 decay density matrix for the spin-1 parent
particle V  p reads:
[V  p ! `  F 0d ] = (1  vf) 133 + (3vf   2) T + vf vf T
with vf =
2M2Vp
2M2Vp +M
2
Fd
and vf =
jd`FV+j2   jd`FV j2
jd`FV+j2 + jd`FV j2
(6.82)
where 133 is the 3  3 identity matrix, and the normalized matrix T and the traceless
matrix T are given by
T =
1
4
0BBB@
1 + c2 
p
2c s ei  s2 e
2i 
p
2c s e i  2s2   
p
2c s ei 
s2 e
 2i   p2c s e i  1 + c2 
1CCCA (6.83)
T =
1
4
0BBB@
2c 
p
2s ei  0p
2s e i  0
p
2s ei 
0
p
2s e i   2c 
1CCCA (6.84)
with the abbreviations c  = cos   and s  = sin  .
The density matrices for the charge-conjugated decays P+ ! `+D0 are related to those
of the decays P  ! `  D0 as follows:
[P+ ! `+D0] = [P  ! `  D0] (  ! +;   !  +;  !  ) (6.85)
The two density matrices can be used for describing non-trivial nal-state angular correla-
tions between two visible leptons through the connection linked by the production process.
As shown clearly by the expressions in Eqs. (6.80), (6.81) and (6.82), the decay distribu-
tions are aected not just by the spins and masses of the particles but also the chiralities of
their couplings. We nd:
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 If the relative chirality fs is zero, i.e. the coupling is either pure vector-like or pure
axial-vector-like, the decay density matrix becomes an identity matrix, washing out any
correlation in the nal-state leptons of the decays F p ! `  S0d and F+p ! `+S0d completely.
On the contrary, if the coupling is purely chiral with fs = 1, the decay distributions
provide maximal information on the production-decay correlations.
 In addition to the relative chirality fv there exists a kinematic factor fv determining
the polarization analysis power in the decay F p ! `  V 0d . This purely mass-dependent
factor vanishes for the special case with MFp =
p
2MVd and takes its maximum value of
unity only when MVd = 0, i.e. the spin-1 daughter particle V
0
d is massless. Nevertheless,
if the coupling is purely chiral, then this decay mode with a spin-1 daughter particle can
be distinguished from the decay mode with a spin-0 daughter particle by measuring the
polarization analysis power; in the latter case its magnitude is 1 and in the former case
its magnitude is fv < 1 for MVd > 0.
 In the spin-1 case, if the relative chirality vf is zero, the density matrix becomes an
identity matrix only when the parent and daughter particles are degenerate, i.e. MVp =
MFd . However, in this degenerate case, the decay is kinematically forbidden. Therefore,
we can conclude that the spin-1 case can be distinguished from the spin-0 and spin-1/2
cases.
Before closing this subsection, we emphasize that, with all these spin- and chirality-dependent
characteristics of the decay density matrices, the decay angle correlations of the nal-state
leptons become trivial unless the parent particles are polarized as will be demonstrated
below.
6.5 OBSERVABLES
In the last section, we gave a detailed description of the angular distribution of the nal-state
lepton-antilepton pairs arising from the decay of the P+P  pair. Schematically, the 6-fold
122
dierential cross section has the form
d 
NtotX
Pi(P
L
  ; P
L
+ ;P
T
  ; P
T
+ ; ; ; ';
p
s)Di( ;  ; +; +); with Ntot = (2JP + 1)4(6.86)
Here the functions Di form a linearly independent set consisting of low-energy spherical
harmonics, which reects the decay dynamics. The dynamics of the production process is
solely contained in the factors Pi, forming maximally 16 independent terms. These are given
essentially by the density matrix of the P+P  pair and by beam polarizations. The fact that
we can in principle measure 16 (2JP +1)4 functions shows that it is possible to extract an
enormous amount of information on the production and decay mechanism.
However, unless we have a sucient number of events, it is neither possible nor practi-
cal to perform a t with the large number of all independent angular and/or polarization
distributions. Rather it is meaningful to obtain from the experimental data a specic set
of observables depending on the c.m. energy, the beam polarizations, the production angles
and the decay angular distributions that are eciently controllable and reconstructible and
sensitive to the spin and chirality eects. In the following numerical analysis we restrict our-
selves to ve conventional kinematic variables | the beam energy
p
s, the production polar
angle , the two lepton polar angles,   and +, in the decays, P  ! `  D0 and P+ ! `+D0,
and the cosine of the azimuthal-angle dierence  between two decay planes. The impact of
beam polarizations on each observable is also diagnosed numerically.
In order to gauge the sensitivities of the observables mentioned in the previous subsection
to spin and chirality eects in the antler-topology processes, we investigate their distributions
for ten typical spin and chirality assignments as shown with ve examples from the MSSM
and ve examples from the MUED listed in Table 6.3. For the sake of simplicity, when
describing the specic examples, we impose electron chirality invariance (which is valid to
a very good precision in the popular models MSSM and MUED), forcing us to neglect any
s-channel scalar contributions and to set any three-point eT P and P`D vertices with ` = e; 
to be purely chiral in the t-channel diagram and the two-body decay diagrams. Furthermore,
in the present numerical analysis we do not have any u-channel exchange of doubly-charged
particles, for which new higher representations of the SM gauge group have to be introduced
in the theories. In any case, note that in principle all the u-channel contributions, if they exist,
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can be worked out through the analytic expressions presented in Sect. 6.2. For example, the
major dierence between a u-channel process and a t-channel process is that the production
polar-angle distribution will be backward-peaked instead of forward-peaked, as can be seen
from Eq. (6.20).
In general several particles may contribute to the s-channel and/or t-channel diagrams
and the mass spectrum of the new particles depends strongly on the mass generation mech-
anism unique to each model beyond the SM. Nevertheless, expecting no signicant loss of
generality, we assume in our numerical analysis that only the SM neutral electroweak gauge
bosons  and Z contribute to the s-channel diagram and only one or two particles, named
T 01 and T 02 when two particles are involved, are exchanged in the t-channel diagram. Then,
we take the following simplied mass spectrum:
MP =MT2 = 200GeV and MD =MT1 = 100GeV (6.87)
We emphasize that the mass spectrum (6.87) is chosen only as a simple illustrative example
in the MSSM and MUED models with dierent spins but similar nal states and so the
procedure for spin determination demonstrated in the present work can be explored for any
other BSM models as well as within the SM itself. The coupling of the Z boson as well
as the photon  to the new spin-1/2 charged fermion pair F+p F
 
p with P = Fp is taken
to be purely vector-like, as this is valid for the rst Kaluza-Klein (KK) lepton states in
MUED with Fp = `

L1=R1 and for the pure charged wino or higgsino states in the MSSM
with Fp = ~W
; ~H, valid to very good approximation when the mixing between the gaugino
and higgsino states due to EWSB is ignored in the MSSM. It is also assumed that the lightest
neutralino is a pure bino, ~B, and the second lightest neutralino is a pure wino, ~W 0. In this
case, the lightest chargino is almost degenerate with the second lightest neutralino.
Applying all the assumptions mentioned above to the MSSM and MUED processes listed
in Table 6.3, we can obtain the full list of non-zero ECC couplings for the processes [27,351]:
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for the s-channel couplings
see = s
~`
R
~`
R
 = s
~`
L
~`
L
 = s
`R1`R1
 = s
`L1`L1
 = s
~W ~W
 = s
W1W1
 = 1 (6.88)
sZee+ = s
~`
R
~`
R
Z = s
`R1`R1
Z =  sW=cW (6.89)
sZee  = s
~`
L
~`
L
Z = s
`L1`L1
Z = (1=2  s2W )=cW sW (6.90)
s
~W ~W
Z = s
W1W1
Z = cW=sW (6.91)
with ` = e;  and for the t-channel and decay couplings
te~eR~B+ = d
` ~B
~`
R  =  
p
2=cW ; t
e~eL
~B  = d
` ~B
~`
L+
= 1=
p
2cW ; t
e~eL
~W  = 1=
p
2sW ; t
e ~W
~e  = d
`~`
~W+
=  1=sW
(6.92)
teeR1B1+ = d
`B1
`R1+
= 1=cW ; t
eeL1
B1  = d
`B1
`L1  = 1=2cW ; t
eeL1
W1  = 1=2sW ; t
eW1
e1  = d
``1
W1  =  1=
p
2sW
(6.93)
in the MSSM and in the MUED, respectively. All the other couplings are vanishing in the
ECC limit.
6.5.1 Kinematics
Before presenting the detailed analytic and numerical analysis of spin and chirality eects on
each observable, we rst describe how each kinematic observable can be constructed for the
antler-topology processes. The measurement of the cross section for P+P  pair production
can be carried out by identifying acoplanar `+`  pairs with respect to the e beam axis
accompanied by large missing energy carried by the invisible D0 D0 pairs.8
For very high energy
p
s  MP the ight direction of the parent particle can be ap-
proximated by the ight direction of the daughter particles ` and the dilution due to the
decay kinematics is small. However, at medium e+e  energies the dilution increases, and
the reconstruction of the P ight direction provides more accurate results on the angular
distribution of the P pairs. If all particle masses are known, the magnitude of the particle
8A detailed proof of the twofold discrete ambiguity in reconstructing the full kinematics of the antler-
topology process production is given in Appendix D.
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momenta is calculable and the relative orientation of the momentum vectors of ` and P
is xed by the two-body decay kinematics:
M2P  M2D =
p
sE` (1   n^P  n^) =
p
sE` (1   cos) (6.94)
where the unit vector n^P stands for the P momentum direction, the unit vectors n^ for
the ` ight directions and the angles  for the opening angles between the visible `
tracks and the parent P momentum directions in the e+e  c.m frame. The angles  can
be reconstructed event by event by measuring the lepton energies in the laboratory frame,
i.e. the e+e  c.m. frame and they dene two cones about the `+ and `  axes intersecting in
two lines | the true P ight direction and a false direction. Thus the P ight direction
can be reconstructed up to a two-fold discrete ambiguity.
In contrast to the production angle, the decay polar angles  in the P rest frames can
be unambiguously determined event by event independently of the reconstruction of the P
direction by the relation:
cos  =
1


E`
E`
  1

with E` =
M2P  M2D
2MP
(6.95)
where E` is the xed `
 energy in the P rest frame. Therefore, any decay polar-angle
correlations between two leptons in the correlated process can be reconstructed event by
event by measuring the lepton energies in the laboratory frame.
Another angular variable, which is reconstructible event by event in the antler-topology
processes, is the cosine of the dierence  = +     of the azimuthal angles of two leptons
with respect to the production plane. Explicitly, it is related to the opening angle of two
visible leptons and two polar angles  in the laboratory frame as
cos = cos(+    ) = n^+  n^  + cos+ cos 
sin+ sin 
(6.96)
Note that the cos 2 distribution also can be measured unambiguously as cos 2 = 2 cos2  
1.9 In contrast, the sign of the sine of the angular dierence of two azimuthal angles is
9Actually, cos(n) with any non-zero integer n is a polynomial of cos.
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not uniquely determined because of the intrinsic two-fold discrete ambiguity in the determi-
nation of the P ight direction, although its magnitude is determined. (For details, see
Appendix D.)
There exist many other types of angular distributions which provide us with additional
information on the spin and chirality eects. Nevertheless, while postponing the complete
analysis based on the full set of energy and angular distributions, we will study the four
kinematic observables fps; ;  ; cosg supplemented with beam polarizations.
6.5.2 Beam energy dependence and threshold excitation pattern
As described through a detailed analytical investigation before, the excitation curve of the
production cross section near threshold in the ECC scenario exhibits its characteristic pattern
according to the spin of the produced particle P and the chiral patterns of the couplings
among the on-shell particles and any intermediate particles exchanged in the s-, t- and/or
u-channel diagrams.10
The production cross section of a spin-0 scalar pair as in the scenario AL=R of the L- or R-
smuon pair production and the scenario BL=R of the L- or R-selectron pair production shows
a characteristic slow P -wave threshold excitation, i.e.   3, despite the t-channel neutral
bino and/or wino contributions to the selectron pair production. In contrast, the production
cross section of a spin-1/2 fermion pair as in the scenarios CL=R and DL=R for the L- or R-
handed rst KK-muon and KK-electron pair production and as in the scenario EL of a wino
pair production always exhibits a sharp S-wave threshold excitation, i.e.   , (due to the
unavoidable pure-vector coupling of a photon to the e+e  and F+p F
 
p ). The excitation pattern
in the scenario FL for the rst KK W -boson pair production is characterized dominantly by
the presence of the t-channel contributions, which should be present for preventing the cross
section from developing a bad high energy behavior as the s-channel  and Z contributions
cannot cancel each other at high energies simultaneously for left- and right-chiral couplings.
Note that the polarized cross section with perfect right-handed electron polarization does not
10Very close to the threshold the excitation curves may be distorted due to particle widths and Coulomb
attraction between two oppositely charged particles. However, the eects are insubstantial for small widths
so that they are ignored in the present work.
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have the t-channel spin-1/2 e1 contribution but only the s-channel  and Z contributions
leading to complete asymptotic cancellation. In this case, the cross section exhibits a slow
P -wave behavior as in the scalar case. Otherwise, the cross section contains the non-zero
t-channel e1 contribution with the J0 = 2 amplitude nite at threshold so that the cross
section rises in a sharp S-wave near threshold. These threshold patterns are summarized in
Table 6.4.
Based on the mass spectrum in Eq. (6.87) and the explicit form of the couplings listed
in Eqs. (6.88), (6.89), (6.90), and (6.91) and Eqs. (6.92) and (6.93), we show in Figs. 6.5 the
energy dependence of total cross sections, with the threshold excitation curves embedded,
for spin-0 scalar bosons indexed with AL=R and BL=R, for spin-1/2 fermions indexed with
CL=R, DL=R and EL, and for spin-1 vector bosons indexed with FL. Here, the electron and
positron beams are assumed to be unpolarized, except for Figs. 6.5(d) and (h). In contrast
to Figs. 6.5(d), the plot in Figs. 6.5(h) clearly shows that the cross section with purely right-
handed electron and purely left-handed positron beams killing the t-channel contributions
while keeping only the s-channel spin-1 vector-boson contributions exhibits a slow P -wave
rise in the excitation curve. We note in passing that it will be crucial to control beam
polarization to very good precision in extracting out the right-handed part as the right-
handed cross section is more than one thousand times smaller than the left-handed cross
section.
To summarize. The threshold energy scan of the polarized cross sections of the pair
production process e+e  ! P+P  can be very powerful in identifying the spin of the new
charged particles P. However, we note that this method may not be fully powerful enough
for encompassing the most general scenario including the case with simultaneous left-/right-
chiral t- and/or u-channel contributions and the case with neither of them.
6.5.3 Polar-angle distribution in the production process
As pointed out before and described in detail in Appendix D, there exists a twofold discrete
ambiguity in constructing the production polar angle . For very high energy
p
s  MP
the ight direction of the parent particle P can be approximated by the ight direction
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of daughter particle ` and the dilution due to the decay kinematics is small. However, at
medium energies the dilution increases and so the reconstruction of the P ight direction
provides more accurate results on the angular distribution of the P pairs.
Analytically, the angle ft between the false and the true axis is related to the azimuthal
angle  between two decay planes and to the boosts  = (cos  + ) of the leptons ` in
the laboratory frame as
cos ft = 1  2 sin
2 
2+ + 
2  + 2+  cos+ sin
2 
(6.97)
For high energies the maximum opening angle reduces eectively to ft  O(1=) and ap-
proaches zero asymptotically when the two axes coincide. Quite generally, as a result of the
Jacobian root singularity in the relation between cos ft and , the false solutions tend to
accumulate slightly near the true axis for all energies [330].
Experimentally, the absolute orientation in space is operationally obtained by rotating
the two P vectors around the ` axes against each other until they are aligned back to
back in opposite directions. The attened false-axis distribution can be extracted on the
basis of Monte Carlo simulations. Figs. 6.6 shows the normalized production polar-angle
distributions for the polarization-weighted dierential cross sections, (1=L=R) dL=R=d cos ,
of the ten processes listed in Table 6.3. The plots in Figs. 6.6(a) and (b) are for the scalar-
pair production processes, AL=R for smuon pairs and BL=R for selectron pairs and the plots in
Figs. 6.6(c), (e), (f) and (g) are for the ve fermion-pair production processes, EL for a wino
pair, CL=R for the rst KK-muon pairs and DL=R for the rst KK-electron pairs, respectively,
while the two plots in Figs. 6.6(d) and (h) are for a vector-boson-pair production process,
FL, for the rst KK-W pair.
 From Figs. 6.6(a) and (b), we nd that the cross sections vanish in the forward and back
directions with cos  = 1 due to the overall angular factor proportional to sin2 , inde-
pendently of the presence of t-channel contributions. If the t-channel fermion contribu-
tions are absent (AL=R) or killed by beam polarization (BR), the polar-angle distribution
is forward and backward symmetric and simply  sin2 .
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 In contrast, the polar-angle distributions for spin-1/2 particles exhibit very distinct
angular patterns. If the t-channel contributions are absent, as shown in Figs. 6.6(c),
or killed by right-handed electron and left-handed positron beam polarizations, as in
Figs. 6.6(g), the dierential cross sections having only the s-channel vector-boson con-
tributions with pure vector-type couplings in the three cases have a typical angular
distribution 1+ 1=2 cos
2  with 1=2 = 
2=(2  2) = 0 at threshold and 1 at asymptotic
high energies, leading to the characteristic distribution 1 + cos2 , reecting the equal
contributions of the dominant ( ; +) = (;) amplitudes. Once the t-channel con-
tributions are included, the angular distribution is severely distorted. Nevertheless, as
shown in Figs. 6.6(c) and (f), the cross sections are peaked at the forward direction.
 Figs. 6.6(d) and (h) show the angular distributions for spin-1 rst KK W -boson pair
production (FL). If the t-channel contribution is absent as in Figs. 6.6(h), the dierential
cross section has only s-channel spin-1 vector-boson contributions with pure vector-type
couplings (FL) so that the () amplitudes with J0 = 2 are zero and the (0; 0) amplitudes
become dominant. As a result, the polar-angle distributions exhibit a characteristic
energy-independent polar-angle distribution  1   1 cos2  with the energy-dependent
coecient 1 = 3=19 at threshold and 1 at asymptotically high energies, leading to the
simple sin2  distribution identical to the spin-0 case. This asymptotic behavior is a
consequence of the so-called Goldstone boson equivalence theorem [348].
To summarize. The characteristic patterns of the polarized ECC polar-angle distributions can
be powerful in determining the spin of P. Evidently it is crucial to have the (longitudinal)
polarization of electron and positron beams for the spin determination through the angular
distribution. However, we note that the polar-angle distributions alone may not be powerful
enough for covering the more general scenarios.
6.5.4 Single lepton polar-angle distributions in the decays
If the parent particle P is a spin-0 scalar boson Sp , there is no production-decay angular
correlation at all so that the (normalized) lepton polar-angle distribution is at, indepen-
dently of any chirality assignments to the couplings for the production and decay processes
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as well as of any initial beam polarizations, i.e.
dS

S p ! `  F 0d

d cos d cos  
=
dS
d cos 
 1
2
) 1Csf
dCsf
d cos  
=
1
2
(6.98)
The linear relation in Eq. (6.95) between the polar angle  and the `  energy E` indicates
that the lepton energy distribution is at with the energy between Emin = E

`(1   ) and
Emax = E

`(1 + ) with  =
p
1  4M2P=s.
When the parent particle P is a spin-1/2 fermion Fp , then we can directly determine
the dierential or total cross section for xed Fp helicities by measuring the polar angle
distribution of the Fp decay products. Depending on the spin of the invisible particle
D0 = S0d ; V 0d and the chirality assignments to the FpSd` and FpVd` couplings, the normalized
and correlated polar-angle distributions can be expressed as
dF [F p ! `  S0d ]
d cos  d cos  
=
dF
d cos 
 1
2
[1 + fs PF cos  ] ) 1Cfs
dCfs
d cos  
=
1
2
[1 + fs hPF i cos  ]
(6.99)
dF [F p ! `  V 0d ]
d cos  d cos  
=
d
d cos 
 1
2
[1 + fvfv PF cos  ] ) 1Cfv
dCfv
d cos  
=
1
2
[1 + fvfvhPF i cos  ]
(6.100)
where two relative chiralities fs and fv and one dilution factor fv are dened by
fs =
jd`SF+j2   jd`SF j2
jd`SF+j2 + jd`SF j2
(6.101)
fv =
jd`VF+j2   jd`VF j2
jd`VF+j2 + jd`VF j2
(6.102)
fv =
M2Fp   2M2Vd
M2Fp + 2M
2
Vd
(6.103)
in terms of the chiral coupling coecients (which are introduced in Appendix A) and the
masses MFp and MVd , and the dierential cross section and the polar-angle dependent polar-
ization observable are dened by
dF
d cos 
=
dF (  = +)
d cos 
+
dF (  =  )
d cos 
(6.104)
PF =

dF (  = +)
d cos 
  d
F (  =  )
d cos 

dF
d cos 
(6.105)
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respectively. The average of the polarization observable over the production angle  are
given by
hPF i = 1
F
Z 1
 1
PF
dF
d cos 
d cos  =
 
p++++ + p
+ 
+ 
   p + + + p     (6.106)
satisfying the inequality condition jhPF ij  1 in terms of the normalized production tensor
p dened as an integral over the production polar and azimuthal angles  and ' as
p +0 0+ =
Z
P +0 0+ d cos  d'
Z  X
 ;+
P + +

d cos  d' (6.107)
with the production tensor P 's. The production tensor p satises the normalization conditionP
 ;+ p
 +
 + = 1.
Any non-trivial `  polar-angle distribution can exist only when the parent particle Fp
state has a non-zero degree of longitudinal polarization PF which may be generated by some
parity-violating interactions or by electron (and positron) beam polarizations. At the same
time, the relative chiralities, fs and fv, and the polarization dilution factor fv should not
be zero.
It is evident from Eqs. (6.99) and (6.100) that the single polar-angle distributions are
isotropic as in the scalar case if the relative chiralities, fs and fv, are zero, i.e. the couplings
for the decays, F p ! `  S0d and F p ! `  V 0d , are pure scalar-type and pure vector-type. In
the latter decay mode, not only the relative chirality but also the dilution factor fv must
not be zero, i.e, MFp 6=
p
2MVd . Furthermore, as mentioned before, the P -odd polarization
observable hPF i needs to be non-zero in both of the decay modes, for any non-trivial single
decay polar-angle distributions.
Before presenting the single decay polar-angle distributions at a xed c.m. energy
p
s =
500 GeV, we investigate the energy and polarization dependence of the P -odd polarization
observable hPF i in the CL=R; DL=R and EL scenarios of spin-1/2 particles.
 Firstly, we note that the polarization observable is identically zero, independently of
beam polarization, in the CL=R scenario for the production of a rst KK-muon pair
+1 
 
1 , because the coupling of the Z as well as  to the rst KK muon pair in the
s-channel exchange diagram is of a pure vector-type, generating no P -violating eects,
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so that the single decay polar-angle distribution is isotropic as in the spin-0 scalar-pair
production. Therefore, the single decay polar-angle distribution cannot be exploited for
distinguishing the spin-1/2 case of a rst KK muon pair from the spin-0 case of a smuon
pair.
 In contrast, as the production of a rst KK electron pair occurs through the t-channel
spin-1 vector-boson contributions with pure left-chiral (DL) or right-chiral (DR) ee1V
0
t
couplings with the rst KK vector boson V 0t = B1; W
0
1 as well as the s-channel  and
Z-boson contributions with pure vector couplings with Fp , the P -odd polarization ob-
servable depends strongly on the c.m. energy and beam polarizations. As the c.m. energy
increases, the t-channel contributions with maximally P -violating couplings become dom-
inant rapidly due to the exchange of spin-1 neutral vector bosons B1 and W
0
1 so that the
P -odd observable approaches its maximum value of unity in magnitude in the DL (DR)
scenario for left-handed (right-handed) electron and right-handed (left-handed) positron
polarizations. In the former and latter cases (DL and DR), the observable is negative
and positive, respectively. On the other hand, for the opposite combination of beam
polarizations the observable is zero because the t-channel contributions are killed. These
features are clearly demonstrated in Figs. 6.7(a) and (d).
 In the charged wino case (EL), the t-channel diagram is mediated by a spin-0 electron
sneutrino ~e, killing the amplitude eectively in the forward direction due to chirality
ipping. As a result, the P -odd observable decreases in size as the c.m. energy increases.
Moreover, as the e~e ~W coupling is purely left-chiral, the P -odd observable is zero for
right-handed electron and left-handed positron polarizations. These features can be
veried with the plots in Figs. 6.7(b) and (e).
It is necessary to compare these features of the spin-1/2 Fp cases to those for the spin-1 V

p
cases.
When the parent particle P is a spin-1 vector boson V p , the correlated polar-angle
distributions and the normalized lepton polar-angle distribution are given in terms of the
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V p helicity-dependent production cross sections by
dV [V  p ! `  F 0d ]
d cos  d cos  
=
dV
d cos 
 1
2

1 +
3
2
vf vf PV cos   +
1
2
(3vf   2)QV (3 cos
2     1)
2

(6.108)
1
Cvf
dCvf
d cos  
=
1
2

1 +
3
2
vf vf hPV i cos   + 1
2
(3vf   2) hQV i (3 cos
2     1)
2

(6.109)
with a relative chirality vf and a dilution factor vf dened by
vf =
jd`VF+j2   jd`VF j2
jd`VF+j2 + jd`VF j2
(6.110)
vf =
2M2Vp
2M2Vp +M
2
Fd
(6.111)
with its minimum value of minvf = 2=3 for MVp = MFd , where the dierential cross section
and two polarization observables PV and QV are dened by
dV
d cos 
=
dV (  = +)
d cos 
+
dV (  =  )
d cos 
+
dV (  = 0)
d cos 
(6.112)
PV =

dV (  = +)
d cos 
  d
V (  =  )
d cos 

dV
d cos 
(6.113)
QV =

dV (  = +)
d cos 
+
dV (  =  )
d cos 
  2d
V (  = 0)
d cos 

dV
d cos 
(6.114)
and the averages of two polarization observables over the polar-angle distribution are given
by
hPV i =1

Z 1
 1
PV
dV
d cos 
d cos  =
 
p++++ + p
+0
+0 + p
+ 
+ 
   p + + + p 0 0 + p     (6.115)
hQV i =1

Z 1
 1
QV
dV
d cos 
d cos  =
 
p++++ + p
+0
+0 + p
+ 
+ 

+
 
p + + + p
 0
 0 + p
  
  

 2  p0+0+ + p0000 + p0 0  (6.116)
satisfying the inequality conditions jhPV ij  1 and jhQV ij  2 in terms of the 33 normalized
production tensor matrix p dened similarly to the equation (6.107).
Clearly, only if the vector boson V  p is unpolarized, i.e. the production cross section for
each V  p is identical with d
V (  = +) = dV (  =  ) = dV (  = 0), will the decay
polar-angle distribution be isotropic. Note that, even if there are no parity-violating eects,
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i.e. dV (  = +) = dV (  =  ), in the production process, there can exist a non-trivial
lepton polar-angle distribution proportional to 3 cos2     1, unless the averaged degree of
longitudinal polarization PL(V
 
p ) = 
V (  = 0)=V of the particle V  p is identical to 1=3.
These properties are demonstrated by the plots in Figs. 6.7(c) and (f) for the production
of a charged rst KK W -boson pair with s-channel ; Z exchanges with pure vector-type
couplings and t-channel spin-1/2 rst KK neutrino exchange with a pure left-chiral coupling.
Firstly, as the right-handed electron and left-handed positron polarizations kill the t-channel
contributions, the P -odd observable hPV i is vanishing so that there is no term linear in cos  .
Even in this case the P -even polarization observable hQV i survives and increases in size as
the c.m. energy increases as shown in Figs. 6.7(f). Secondly, for the left-handed electron
and right-handed positron polarizations, the P -violating t-channel contribution survives and
both the P -even and P -odd observables increase in size as the c.m. energy increases as
shown in Figs. 6.7(c).
Figure 6.8 shows the normalized single decay polar-angle distributions for a spin-1/2
negatively charged rst KK muon  1L=1R (CL=R) and rst KK electron e
 
1L=1R (DL=R), for
a spin-1/2 negatively charged wino ~W  (EL) and for a spin-1 negatively charged rst KK
W -boson W 1 (FL), pair produced with its anti-particle in e
+e  collisions at a xed c.m.
energy of 500 GeV.
 As shown in Figs. 6.8(a) and (e), the distribution for the  1 decay is at because the
couplings of both  and Z to the +1 
 
1 pair are pure vector-type, preserving parity (P ).
 Similarly the at distributions appear for the left-handed (right-handed) KK electron
with right-handed (left-handed) electron and left-handed (right-handed) positron po-
larizations as shown by a (blue) dashed line in Figs. 6.8(b) and a (red) solid line in
Figs. 6.8(f), as in both cases the P -violating t-channel contributions are killed. The same
at distribution in the ~W decay occurs for right-handed electron and left-handed positron
beams, killing the t-channel sneutrino contribution, as shown in Figs. 6.8(g).
 There exist non-trivial decay polar-angle distributions with a positive slope in the e 1L=1R
decay for left-handed/right-handed electron and right-handed/left-handed positron beams
as shown by the red solid line in Figs. 6.8(b) and by the blue dashed line in Figs. 6.8(f).
This is due to the fact that both the P -odd polarization observable hPF i and the relative
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chirality factor fv is negative and positive for the e
 
1L and e
 
1R decay, respectively, so that
the product of two quantities is positive in both cases. In contrast, in the EL case with
left-handed electron and right-handed positron beams, the P -odd polarization observable
is positive but the relative chirality fs is negative so that the slope determined by the
product of two quantities is negative as shown in Figs. 6.8(c).
 Finally, in the FL case for a spin-1 negatively charged rst KK W -boson W 1 decay, the
lines are clearly curved instead of being straight, as shown in Figs. 6.8(d) and (h). In
particular, even though the coupling of  and Z to a W1 pair is P -conserving so that
the P -odd observable hPV i vanishes for right-handed electron and left-handed positron
beams, the single decay polar-angle distribution takes a non-trivial quadratic curve shape
due to non-vanishing P -even polarization observable hQV i.
To summarize. It is necessary to have P -violating decays for any non-trivial single decay
polar-angle distribution. Moreover, in the spin-1/2 case, the production process must have
P -violating contributions due to the presence of P -violating interactions which can be greatly
enhanced by initial beam polarizations. In the spin-1 case, in addition to the P -odd polar-
ization observable, there can exist a P -even polarization observable leading to non-trivial
decay polar-angle distribution, the shape of which is quadratic in cos .
6.5.5 Angular correlations of two charged leptons
As can be checked with Eqs. (6.99) and (6.100), the lepton polar-angle distribution of the pro-
cess e e+ ! F p F+p followed by the decay F p ! ` S0d or ` V 0d is isotropic if the integration
of the polarization observable PF over the polar-angle  is vanishing as in the KK muon-pair
production due to the pure vector coupling of the photon and Z boson to the KK muon pair.
Therefore, a single lepton angle distribution cannot be exploited to distinguish the spin-1/2
case from the spin-0 case. In this situation, we can exploit the angular correlations of two
charged leptons.
6.5.5.1 Polar-angle correlations As the spin-1 case can usually be distinguished from
the spin-0 and spin-1/2 cases through the coecient proportional to (3 cos2   1) even when
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either the P -odd observable hPF i or the P -odd relative chirality is vanishing. On the contrary,
in the spin-1/2 case there can exist a non-trivial single lepton polar-angle distribution only
when both the P -odd coecients and the P -odd integral are non-vanishing. Otherwise,
the spin-1/2 case cannot be distinguished from the spin-0 case by the single lepton angular
distribution. In this P -invariant case, we can consider the polar-angle correlation of two nal
leptons, which is a P -even quantity. In general, the polar-angle correlation in the spin-1/2
case can be decomposed into four parts as
1
CD
dCD
d cos  d cos +
=
1
4
f1+DD [(cos  +cos +)F1 + (cos   cos +)F2]
+2D
2
D cos   cos +F3
	 (6.117)
with D = fs; fv and D = 1; fv for the decay modes, F
 
p ! ` S0d ; ` V 0d , respectively.
Here, the P -odd coecients, F1;F2, and the P -even coecient F3, which are in general
dependent on the e+e  c.m. energy and beam polarizations, are given by
F1 = p
++
++   p     (6.118)
F2 = p
+ 
+    p + + (6.119)
F3 =
 
p+ +  + p
 +
 +
   p++++ + p     (6.120)
We note in passing that the P -odd quantity hPF i appearing in the single lepton polar-angle
  distributions is identical to the sum F1+F2. An identical relation is valid also for the
P -odd quantity hPV i in the spin-1 case.
As indicated in the previous subsection, the P -odd quantities F1;F2 are vanishing
11 in
the production of a rst KK-muon 1L=1R pair, because the coupling of the spin-1 vector
bosons ; Z to the rst KK-muon pair is of a pure vector type. However, the coecient F3
dening the P -conserving decay polar-angle correlation in Eq. (6.117) is P -even so that this
quantity does not have to be vanishing even in the P -conserving case. As shown numerically
by the (red) solid lines in Figs. 6.9(a) and (d), the P -even coecient F3 increases in size
as the c.m. energy increases. As a consequence, it is evident that the spin-1/2 1 case can
be distinguished from the spin-0 ~L=R case through the non-trivial polar-angle correlation,
11The quantity F1 vanishes in the absence of any absorptive parts as a consequence of CPT invariance.
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which can be signicant for pure right-chiral or left-chiral decays with fv = 1 and a sizable
dilution factor fv. We note in passing that the P -even coecients in the other spin-1/2
cases (DL=R and EL) in Figs. 6.9(b), (e), (c)and (f) are also increasing in size with the c.m.
energy and already sizable at the c.m. energy of 500 GeV.
6.5.5.2 Azimuthal-angle correlations In this subsection, we study the fully-correlated
azimuthal-angle distributions in the production of a P+P  pair in e+e  collisions and both
of their sequential two-body decays P  ! `  D0 and P+ ! `+D0. The azimuthal-angle
dierence  =   + under consideration is the angle between the two decay planes, which
is invariant under any Lorentz boost along the P ight direction. These distributions
develop through quantum interference between the dierent helicity states in a coherent
sum, indicating that the eect is diluted as the e+e  c.m. energy increases. By extracting
this angular dependence, we can determine which helicity states contribute to the sum, and
thus we can extract useful information on the spin of the pair-produced particles in a model-
independent way [332].
The general form of the azimuthal-angle correlation for the production and decays of a
spin J particle pair is
1
C
dC
d
=
1
2
[1 + A1 cos() +   + A2J cos(2J)] (6.121)
We emphasize that the expression is still valid even in a CP -noninvariant theory as all
the sine terms are washed out by taking the average over two possible production azimuthal
angles, which is unavoidable due to a twofold ambiguity in reconstructing the P momentum
directions as shown in Eq. (D.18) in Appendix D. Each coecient Ai (i = 1-2J) can be worked
out from the standard rules of constructing matrix elements, as explicitly described below
for the spin-1/2 and spin-1 cases.
Evidently, the correlated azimuthal-angle distribution for a spin-0 scalar-pair production
process is at due to the absence of any production-decay spin correlations. In contrast, the
azimuthal-angle distribution for the spin-1/2 fermion-pair production process is given by
1
CD
dCD
d
=
1
2

1  2D2D F cos

(6.122)
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in terms of a C-even and P -even quantity F dened as
F =
2
16
Re(p++   + p
  
++) (6.123)
with D = fs; fv and D = 1; fv for D0 = S0d and V 0d , respectively, and the super/sub-scripts
 for the helicities 1=2 of the spin-1/2 fermion Fp . On the other hand, the correlated
azimuthal-angle distribution for a spin-1 vector boson pair V +p V
 
p consists of three parts as
1
Cvf
dCvf
d
=
1
2

1  2vf2vf V 1 cos+ (3vf   2)2V 2 cos(2)

(6.124)
in terms of two C-even and P -even quantities V 1 and V 2 dened as
12
V 1 =
92
64
Re(p++00 + p
00
   + p
+0
0  + p
0+
 0) (6.125)
V 2 =
1
4
Re(p++   + p
  
++) (6.126)
where the super/sub-scripts ; 0 stand for the helicities, 1; 0 of the spin-1 vector bosons
P. We note that the two-body decays do not suppress the cos terms, while the highest
cos(2) mode may be suppressed if the polarization analyzing power vf is 2=3, satised only
when the parent and daughter particles, V p and F
0
d , are nearly degenerate.
Conceptually, any azimuthal-angle correlation, which is a pure quantum-mechanical ef-
fect, requires non-trivial interference among helicity amplitudes with dierent helicity assign-
ments as indicated by Eqs. (6.123), (6.125) and (6.126) and so they tend to diminish as the
c.m. energy increases, as demonstrated numerically in Figs. 6.10.
 Numerically, the quantity F takes a value roughly between 0.1 and 0.2 at
p
s = 500GeV
and sensitive to initial beam polarization for the processes with chiral t-channel contri-
butions (DL=R and EL) as shown in Figs. 6.10(b), (c), (f) and (g), while it is independent
of beam polarization in the production for a charged rst KK muon pair 1L=1R (CL=R)
with no t-channel contributions as shown in Figs. 6.10(a) and (d).
12As the coecients F and V 1;V 2 are C-even, no identication of the electric charges of two leptons is
required for reconstructing the azimuthal-angle correlations.
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 One noteworthy aspect in the spin-1 case (FL) is that the quantity V 2 is too small
(less than 2%) in magnitude to distinguish the spin-1 W1 state from the spin-1/2 states,
1 ; e

1 or ~W
 as shown in Figs. 6.10(d) and (h). This strong suppression in the spin-1
W1 case is due to the cancellation of the corresponding production helicity amplitudes
(M2
W1
=E2cm) that is forced by the relations satised for saving the tree-level unitarity.
 On the other hand, the coecient V 1 in the cos term is suciently large so that this
correlation can be exploited for distinguishing the spin-1 case at least from the spin-0
case as indicated by the solid lines in Figs. 6.10(d) and (h).
To summarize. The fully-correlated azimuthal-angle correlations encoding quantum interfer-
ence between dierent helicity nal states can provide a supplementary but not complete
method for spin measurements.
Based on the mass spectrum (6.87) leading to the dilution factor fv = 1=3 (obtained
by substituting these masses into Eq. (6.103)) while fs = 1, we show in Figs. 6.11 the fully-
correlated azimuthal-angle distributions for a spin-1/2 charged rst KK muon and electron
(CL=R and DL=R), for a spin-1/2 charged wino (EL) and for a spin-1 charged rst KK W -
boson (FL). The plots in the upper (lower) frames are for left-handed (right-handed) electron
and right-handed (left-handed) positron beams, respectively.
 In the rst KK muon and electron cases (CL=R and DL=R), the azimuthal-angle correla-
tions are too small to be distinguished from the at distribution in the spin-0 case as
shown in Figs. 6.11(a), (b), (e) and (f). This tiny correlation is owing to the fact that
we have a small coecient F but also a small dilution factor 
2
fv = 1=9, which can be
much larger for a small mass ratio of the parent and daughter particles.
 In contrast the spin-1/2 charged wino case (EL) shows a rather distinct azimuthal-angle
correlation as the dilution factor fs = 1 independently of particle masses, as shown in
Figs. 6.11(c) and (g).
 In the spin-1 case the dilution factor is vf = 8=9 and the coecient V 1 in the cos term
is between 0.4 and 0.6 in magnitude while the coecient V 2 is extremely tiny. As a
consequence, the azimuthal-angle correlation exhibits a distinct distribution proportional
to 1 + 1 cos+ 2 cos 2 with 1  0:25 and 2  0, as shown in Figs. 6.11(d) and (h).
140
To summarize. We have shown for the mass spectrum (6.87) that the spin-1/2 KK muons and
electrons cannot be so easily distinguished from the spin-0 smuons and selectrons through
the azimuthal-angle correlation. In contrast, the spin-1/2 charged wino case and the spin-1
KK W -boson case can be distinguished from the spin-0 cases. However, it turned out to be
dicult to establish the spin-1 nature of the KK W -boson due to the strong suppression of
the cos 2 mode, requiring other methods such as the decay polar-angle distributions.
6.5.6 Eects of ISR, beamstrahlung, particle widths and kinematic cuts
In this subsection for a more realistic investigation we study the impact on the various kine-
matic observables by initial state radiation (ISR) [352], beamstrahlung [353] and nite width
of the particle P as well as typical kinematic cuts in an e+e  collider environment. We
use FeynRules [354{356] to implement all the vertices and propagators into the format of
CalcHEP [357]. Then, we perform extensive simulations for the spin and chirality assign-
ments listed in Table 6.3.
The kinematic cuts taken in the present numerical analysis are
j cos `j < 0:9962 and E` > 10GeV (6.127)
to ensure detection, where ` and E` are the polar angle and the energy of the lepton in the
laboratory frame, and
6pT > 10GeV (6.128)
to remove the background from e+e  ! e+e `+`  where the nal e+e  pair is missed. The P
total width  P is calculated to be the sum of the partial widths of the two decays P  ! `  D0
with ` = e and/or , for a simple analysis of the impact of the width. ISR and Beamstrahlung
eects at ILC are calculated with CalcHEP using parameters in Table 6.5 [358].
Rather than listing all the scenarios studied in the previous subsections, we present our
simulation results for only a few typical scenarios selected for each observable. Figs. 6.12
shows the excitation curve of the production of a spin-0 charged R-selectron pair ~eR (BR), a
spin-1/2 charged R-type rst KK-electron pair ~eR (DR), a spin-1/2 charged wino pair ~W

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(EL) or a spin-1 charged rst KK W -boson pair W

1 (FL) close to threshold after the ISR,
beamstrahlung and width eects as well as the kinematic cuts in Eqs. (6.127) and (6.128) are
included. The statistical errors correspond to L = 10 fb 1 per point. Except for Figs. 6.12(c)
and (f), the initial electron and positron beams are taken to be unpolarized. The plot of
the upper (lower) right frame is for left-handed (right-handed) electron and right-handed
(left-handed) positron beams.
 The production cross section can take a nite value even below threshold as the particle
can be produced virtually with a mass smaller than its on-shell mass due to its non-zero
width, as indicated by the tail extended toward the lower energy region in each frame.
Adjusting the width eect, it is evident that for unpolarized beams the spin-0 scalar
production process (BR) exhibits a slow P -wave excitation shown in Figs. 6.12(a) while
the spin-1/2 fermion production processes (DR and EL) and the spin-1 vector-boson
production process (FL) show a sharp S-wave excitation, as in Figs. 6.12(b), (c), (d) and
(e).
 In the spin-1 case, if the t-channel contribution is killed by complete right-handed elec-
tron and left-handed positron polarizations, the cross section rises in slow P waves near
threshold in Figs. 6.12(f). Nevertheless, the number of events is very small so that it is
expected to be quite dicult to conrm this P -wave pattern quantitatively.
 The threshold behavior is not aected so much by ISR and beamstrahlung eects.
To recapitulate. The spin-0 case can be clearly distinguished from the spin-1/2 and spin-1
cases in the specic scenarios through the threshold scan method, although a new method is
required for distinguishing the spin-1 case from the spin-1/2 cases and even from the spin-0
case in the general case, as emphasized before.
As shown before, there exists a two-fold discrete ambiguity in determining the P mo-
mentum in the antler-topology event. Therefore, we show in Figs. 6.13 the polar-angle dis-
tributions with the contribution of false solution included for the production of a spin-0
charged R-type smuon/selectron pair ~eR=~e

R (AR=BR), a spin-1/2 charged R-type rst KK-
muon/KK-electron pair 1 =e

1 (CR=DR), a spin-1/2 charged wino pair ~W
 (EL) or a spin-1
charged rst KK W -boson pair W1 (FL), including ISR, beamstrahlung and width eects
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as well as the kinematic cuts in Eqs. (6.127) and (6.128). Except for Figs. 6.13(d) and (h),
the initial electron and positron beams are assumed to be unpolarized. The plot of the
upper (lower) right-most frame is for left-handed (right-handed) electron and right-handed
(left-handed) positron beams. For the simulation we simply take a xed number of events
Nev = 10
4 at the c.m. energy of 500 GeV.
 The sin2  law for the production of spin-0 particles (for R-type smuons (AR) and R-
type selectrons (BR) close to threshold) is a unique signal for the spin-0 character. This
feature can be conrmed in Figs. 6.13(a) and (b) after the false distribution following the
true distribution with a little dilution are extracted out from the sum of the true and
false solutions.
 However, the polar-angle distributions in the spin-1/2 and spin-1 cases have so much
more involved patterns that it is not straightforward to distinguish the spin-1 case from
the spin-1/2 case, unless beam polarizations are exploited.
 In the spin-1 case (FL) the polar-angle distribution is quite dierent for each combination
of the electron and positron longitudinal polarizations as shown in Figs. 6.13(d) and (h).
In particular, the true polar-angle distribution in Figs. 6.13(h) with right-handed electron
and left-handed positron polarizations is characteristically dierent from that for the
spin-1/2 rst KK muon case (CR) shown in Figs. 6.13(e).
We note that the curve of the false solution is sensitively related not only to the curve of
the true solution but also to the chiral structure of the decay processes as clearly shown by
the shaded area in Figs. 6.13(h). This is because the direction of the false solution depends
not only on the the direction of the true solution but also on the ight directions of the two
leptons, whose distributions are strongly chirality-dependent. Numerically we have conrmed
that the curve with a negative slope is due to the pure left-chiral eW11 coupling involved
in the decay W 1 ! ` `. As in the excitation curves, the polar-angle distributions turn out
to be not much distorted by the ISR and beamstrahlung eects.
Then, let us consider the single decay polar-angle distributions in the combined process
of the P pair production followed by the decay of a negatively-charged particle P  !
`  D0 and the decay azimuthal-angle correlations in the antler-topology process in the four
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scenarios, BR for a spin-0 charged R-type selectron pair ~e

R, DR for a spin-1/2 charged R-type
rst KK-electron pair e1R, EL for a spin-1/2 chargino wino pair ~W
 and FL for a spin-1 rst
KK W -boson pair W1 . The initial electron and positron beams are taken to be unpolarized.
The upper frames of Figs. 6.14 show the single decay polar-angle distributions after includ-
ing the ISR, beamstrahlung and width eects as well as the kinematic cuts in Eqs. (6.127) and
(6.128) in the four dierent scenarios (BR, DR, EL and FL). For the hypothetical case that no
QED radiation degrades the nominal production energy, since the ratios of the right-handed
cross section with (PL  ; P
L
+) = (1; 1) over the left-handed one with (PL  ; PL+) = ( 1;+1) for
scenario BR, DR, EL and FL are 27:4, 99:8, 4:51  10 4 and 2:89  10 4 respectively, the
distribution should be at in the scenario BR, linear with a positive slope in the scenario DR,
linear with a negative slope in the scenario EL and quadratic in a downward curved shape in
the scenario FL for unpolarized beams, as worked out from the plots in Figs. 6.8. However,
in the more realistic situation that ISR and beamstrahlung decrease the P+P  production
energy, the angular distribution is no longer linear in the spin-0 and spin-1/2 cases and
no longer curved downward in the spin-1 case, as shown in the upper frames of Figs. 6.14.
Considerable depletions are observed at cos   ! 1 when the constraint on EP tends to
be most largely invalidated. However, we note that, since both the ISR spectrum [352] and
the beamstrahlung spectrum [353] can be calculated theoretically and measured precisely,
the ISR and beamstrahlung eects can be unfolded from the data, for instance, by applying
a bin-by-bin correction or a matrix inversion procedure, although we will not perform the
unfolding procedure in the present, rather simple numerical analysis.
The lower frames of Figs. 6.14 show the full azimuthal-angle correlations in the same set
of four scenarios as in the single decay polar-angle distributions. Firstly, it turns out that the
ISR, beamstrahlung and width as well as the kinematic cuts do not spoil the azimuthal-angle
correlation patterns. The distribution is indeed at in the angle  in the scenario BR for a
spin-0 selectron pair and nearly at in the scenario DR as expected from Figs. 6.14 (e) and
(f). The curves in the spin-1/2 charged wino case (EL) and the spin-1 rst KKW -boson case
(FL) are consistent with the simple cos distribution, as shown in Figs. 6.14(g) and (h). (We
fold the range of the angle  into [0; ] with respect to the line with  =  for the numerical
simulation, as  is calculated from cos which can be determined unambiguously.) We note
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once more that the coecient of the cos 2 mode is strongly suppressed due to the relations
for restoring tree-level unitarity.
6.5.7 Inuence from ECV interactions
Every numerical analysis performed so far is based on the assumption that electron chirality
is preserved (to very good approximation). Although the approximation is valid in the SM
with its EW gauge symmetry spontaneously breaking through the BEH mechanism, it may
be invalid in the models with additional scalar bosons and with mass generation by dierent
mechanisms. Evidently the ECV terms are already constrained by various low-energy phys-
ical quantities. However, the complete analysis of those constraints is very much involved
and beyond the scope of the present work. Therefore, before closing this lengthy section,
we comment briey on the possible inuence of the ECV terms on the spin determination
rather qualitatively, if they are not so strongly suppressed.
As the analytic expressions of production and two-body helicity amplitudes listed in
Sects. 6.2 and 6.3 indicate, the ECV eects in the production process e+e  ! P+P  are
generated when a spin-0 scalar S0s couples both to the e
+e  pair and also when the P+P 
pair and/or the t=u-channel trilinear vertices involving an electron are non-chiral, i.e. have
both left-handed and right-handed couplings while the ECV eects in the decay processes
are generated by non-chiral decay trilinear P`D vertices.
In the ECV case, the electron and positron helicities are identical,   = + and they
form a J0 = 0 initial two-body state. Therefore, the production polar-angle distribution is
isotropic at threshold and the threshold excitation is in a sharp S wave except when a spin-
1/2 F+p F
 
p pair is produced only through an s-channel pseudoscalar exchange (s
FF
S+ =  sFFS  ).
As a result, the characteristic patterns of threshold excitation and polar-angle distribution
in the ECC case can be spoiled in the presence of the ECV contributions.
If the decay vertices are non-chiral, the relative chirality is not maximal in magnitude
any more, i.e. jj < 1, reducing the production-decay correlation even for the spin-1/2 and
spin-1 cases. In the extreme situation with zero relative chirality, there exist no non-trivial
decay angular distributions for determining whether the spin of the parent particle P is 0
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or 1/2. In contrast to the spin-1/2 case, there exists a decay-angle distribution independent
of the relative chirality in the spin-1 case. Even though the eectiveness of this distribution
is reduced by a dilution factor, the spin-1 case can be distinguished from the spin-0 and
spin-1/2 cases through the chirality-independent decay-angle correlations [334].
6.6 SUMMARY AND CONCLUSIONS
In this chapter, we have made a systematic study of kinematic observables connected with
the antler-topology process e+e  ! P+P  ! `+` D0 D0 which could serve as model-
independent tests for determining the spins of the charged particles P and the invisible
neutral particles D0 and D0 as well as the intermediate virtual particles participating in the
production process.
It is evident from our analysis that the model-independent determination of the spin
quantum numbers of new particles is a complex task even at e+e  colliders with clean and
xed initial-state environments and beam polarizations. The degree of complexity depend
crucially on the chiral structures as well as kinematic features of the particles. Not only
threshold excitation and angular distributions controlled through initial beam polarizations
in pair production but also angular correlations in particle decays provide powerful methods
for experimental spin measurements.
The predictions for the threshold excitation and the polar-angle distributions in the
production processes, separated into the ECC and ECV parts when the electron is assumed
to be massless, are summarized in Table 6.6.
In any theory with conserved chiral symmetry guaranteeing the electron mass to be zero
before EWSB such as MSSM and MUED, the ECV parts are connected with the extremely
tiny electron mass so that their contributions are negligible for high energy processes. In
this ECC case, as shown in the chirality conserving part of Table 6.6, the sin2  law for the
production of a spin-0 scalar pair (close to threshold) is a unique signal of the spin-0 character.
While the observation of the sin2  polar-angle distribution is sucient for scalar particles,
the P -wave 3 onset of the excitation curve is necessary but not a sucient condition for the
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spin-0 character. Nevertheless, we have found that combining the two distributions and using
initial beam polarizations to separately diagnose four e+e  helicity combinations enable us
not only to determine the P spin unambiguously but also to get crucial information on the
spins of intermediate particles and the chiral structure of the couplings in the ECC case.
If there exist any non-negligible ECV contributions, then the patterns of both threshold
excitation and production angle distribution may be qualitatively dierent from those in the
ECC case, as shown in the chirality violating part of Table 6.6. However, one can always use
Eq. (6.11) and Eq. (6.13) to extract the ECC part of pair production, as there exists at least
a contribution from an s-channel photon, to get spin information from threshold excitation
and production angle distribution of the ECC part.
Combining the production and decay processes in the antler-topology process, it is pos-
sible to construct several correlated observables for a spin-1/2 or spin-1 particle pair P.
Evidently there is no production-decay correlation for a spin-0 P , which is a characteristic
feature for the spin-0 case. The sensitivities to the P spin depend strongly on the chiral
structure reected in the production and decay helicity amplitudes and the degrees of initial
and nal beam polarizations. If the couplings for the decays are pure chiral and the high
degree of beam polarizations are available, then the decay polar-angle distributions are very
powerful for determining the P spin as the relative chiralities serving as the polarization
analysis powers are maximal. The azimuthal-angle distribution for the dierence  between
the azimuthal angles of two decay planes also provides a supplementary method for deter-
mining the P spin, although this quantum-interference eect diminishes as the c.m. energy
increases.
If the decay vertices are not pure chiral, the sensitivities of the kinematic observables
to the particle spins are reduced. In the extreme cases of P -conserving pure vector or
axial vector couplings, we do not have any production-decay correlations in the spin-1/2
case. Even in this case, there exists a non-trivial P -even observable in the cos 2 mode in
the spin-1 case. However, we have found that the coecient determined by the production
process e+e  ! V +p V  p is strongly suppressed when the specic relations among couplings are
satised for saving tree-level unitarity at high energies. As a result, it may be very dicult
in those extreme cases to determine the spins of the particle involved in the antler-topology
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process.
To conclude. It is a very complex task to determine the spins of new particles in a model-
independent way in a general theory beyond the SM. Nevertheless, we have found that, if
electron chirality invariance is valid to very good approximation, the spin of the new particles
taking part in the antler-topology process can be determined in a model-independent way
through various energy- and angle-dependent observables at e+e  colliders with polarized
beams. Any non-chiral contributions, which are expected to be insignicant as in many
popular models beyond the SM, render the model-independent spin determination more
dicult. However we can still use beam polarizations to extract the chirality-conserving
pieces to get useful information on the spins of new particles based on various approaches
described in the present work. After all, a high energy e+e  collider with polarized beams is
a powerful machine for diagnosing not only the spin but also the chirality structure of new
particles, if they are kinematically available.
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Figure 6.3: The coordinate system in the colliding e+e  c.m. frame. The y-axis is chosen
along the ~p (e )~q (P ) direction and it is pointing towards the observer. The coordinate
systems in the P  and P+ rest frames are obtained from it by boosts along the z-axis. The
angles  and  are the polar and azimuthal angles of the lepton ` associated with the
two-body decay of the P particles in their respective rest frames.
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Figure 6.4: A schematic view of the process e+e  ! P+P  ! (`+D0)(`  D0). Shown in
the parentheses are the four-momenta and re-scaled helicities of the corresponding particles.
Index [JP ; JD] Chirality Antler-topology process s-channel [JS0 ] t-channel [JT 0 ] Model
AL=R [0; 1=2] L=R e
+e  ! ~+L=R~ L=R ! (+ ~B)(  ~B) ; Z [J = 1]   MSSM
BL=R [0; 1=2] L=R e
+e  ! ~e+L=R~e L=R ! (e+ ~B)(e  ~B) ; Z [J = 1] ~B; ~W 0 [J = 1=2] MSSM
CL=R [1=2; 1] L=R e
+e  ! +L1=R1 L1=R1 ! (+B1)( B1) ; Z [J = 1]   MUED
DL=R [1=2; 1] L=R e
+e  ! e+L1=R1e L1=R1 ! (e+B1)(e B1) ; Z [J = 1] B1;W 01 [J = 1] MUED
EL [1=2; 0] L e
+e  ! ~W+ ~W  ! (`+~`)(` ~` ) ; Z [J = 1] ~e [J = 0] MSSM
FL [1; 1=2] L e
+e  !W+1 W 1 ! (`+`1)(` `1) ; Z [J = 1] e1 [J = 1=2] MUED
Table 6.3: Ten examples for the antler-topology processes - ve in MSSM and ve in MUED.
Every ECV eect due to EWSB in these models is small so that the eT P and P`D couplings
are purely chiral to very good approximation. The rst index is introduced to specify each
spin and chirality assignment. The chirality index, R or L, in the third column stands for the
chiral structure of the e T 0P  vertex and the P `  D0 vertex. We note that the chirality
of each t-channel coupling is identical to the chirality of the vertex describing the decay
P  ! `  D0 in every scenario.
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Spin JP Polarized cross section Threshold excitation Model
0
L=R[e
+e  ! ~`+R ~` R] 3 MSSM
L=R[e
+e  ! ~`+L ~` L ] 3 MSSM
L=R[e
+e  ! `+R1` R1]  MUED
1=2 L=R[e
+e  ! `+L1` L1]  MUED
L=R[e
+e  ! ~W+ ~W ]  MSSM
1
L[e
+e  ! W+1 W 1 ]  MUED
R[e
+e  ! W+1 W 1 ] 3 MUED
Table 6.4: Threshold excitation of the polarization-weighted total cross sections for the ten
MSSM and MUED processes with ` = e; .  = (1 4M2P=s)1=2 is the speed of the particle P
in the e+e  c.m. frame. L=R stands for the polarization-weighted cross section with perfect
left-handed or right-handed electron beam polarization.
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Figure 6.5: Energy dependence of the total cross sections with the threshold excitation curves
embedded for spin-0 scalar bosons (AL=R and BL=R), spin-1/2 fermions (CL=R; DL=R and EL)
and spin-1 vector bosons (FL). The electron and positron beams are set to be unpolarized,
except for the frames, (d) and (h); the upper (lower) frame is for purely left (right) polarized
electron and purely right (left) polarized positron beams.
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Figure 6.6: Production polar-angle distributions for the spin-0 scalar bosons indexed with
AL=R and BL=R, for the spin-1/2 fermions indexed with CL=R; DL=R and EL, and for the
spin-1 vector bosons indexed with FL in the MSSM and MUED models. The c.m. energy
p
s is set to be 500 GeV.
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Figure 6.7: Energy dependence of the coecients hPF;V i and hQV i for a rst KK electron
(DL=R), for a spin-1/2 charged wino (EL), and for a spin-1 charged rst KK W -boson (FL).
The upper (lower) frames are for left-handed (right-handed) electron and right-handed (left-
handed) positron beams, respectively.
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Figure 6.8: Normalized single decay polar-angle distributions for a spin-1/2 charged rst
KK muon  1L=1R (CL=R) and rst KK electron e
 
1L=1R (DL=R), for a spin-1/2 charged wino
~W  (EL) and for a spin-1 charged rst KK W -boson W 1 (FL), pair produced with its anti-
particle in e+e  collisions at a xed c.m. energy of 500 GeV. The upper (lower) frames are
for left-handed (right-handed) electron and right-handed (left-handed) positron beams.
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Figure 6.9: Energy dependence of the coecients F2 and/or F3 of the correlated decay
polar-angle distributions for a spin-1/2 charged rst KK-muon (CL=R) and rst KK-electron
(DL=R) and for a spin-1/2 charged wino (EL). The lines in the upper (lower) frames are for
left-handed (right-handed) electron and right-handed (left-handed) positron beams, respec-
tively.
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Figure 6.10: Energy dependence of the coecients F and V 1;V 2 for correlated decay
azimuthal-angle distributions for a spin-1/2 charged rst KK-muon pair 1L=1R (CL=R) and
rst KK-electron pair e1L=1R (DL=R), for a spin-1/2 charged wino pair ~W
 (EL) and for a spin-
1 charged rst KK-W W1 (FL). The lines in the upper (lower) frames are for left-handed
(right-handed) electron and right-handed (left-handed) positron beams, respectively.
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Figure 6.11: Correlated azimuthal-angle distributions for a spin-1/2 charged rst KK-muon
and KK-electron (CL=R and DL=R), for a spin-1/2 charged wino (EL) and for a spin-1 charged
rst KK-W (FL). The upper (lower) frames are for left-handed (right-handed) electron and
right-handed (left-handed) positron beams.
Collider Ecm (
p
s) [GeV] N [1010] x [nm] y [nm] z [m]
ILC 500 2 640 5.7 300
Table 6.5: Key parameters of the initial beams at the ILC used in our numerical analysis.
Here N is the number of particles per bunch, x;y are the RMS beam sizes at the interaction
point, and z is the RMS bunch length.
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Figure 6.12: Excitation curve of the cross section close to threshold for the production of a
spin-0 charged R-selectron pair ~eR (BR), a spin-1/2 charged R-type rst KK-electron pair ~e

R
(DR), a spin-1/2 charged wino pair ~W
 (EL) or a spin-1 charged rst KK-W pair W1 (FL)
close to threshold including ISR, beamstrahlung and width eects as well as the kinematic
cuts in Eqs. (6.127) and (6.128); the statistical errors correspond to L = 10 fb 1 per point.
The initial beams are set to be unpolarized in the frames, (a), (b), (d) and (e), while the
electron (positron) beams are purely left-handed (right-handed) and purely right-handed
(left-handed) in the frames, (c) and (f).
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Figure 6.13: The polar-angle distributions with the contribution of false solution for the
production of a spin-0 charged R-type smuon/selectron pair ~eR=~e

R (AR=BR), a spin-1/2
charged R-type rst KK-muon/KK-electron pair 1 =e

1 (CR=DR), a spin-1/2 charged wino
pair ~W (EL) or a spin-1 charged rst KK-W pair W1 (FL), including ISR, beamstrahlung
and width eects. Except for the frames, (d) and (e), the initial electron and positron beams
are set to be unpolarized. The frames, (d) and (h), are for left-handed (right-handed) and
right-handed (left-handed) electron (positron) beams, respectively. The simulation for the
polar-angle distribution is based on a xed number of events Nev = 10
4 at the c.m. energy
of 500 GeV.
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Figure 6.14: The upper frames are for the single decay polar-angle distribution for the
combination of the production of a charged pair P P  and the sequential decay of the
negatively-charged particle P  ! `  D0 and the lower frames are for the full azimuthal-
angle correlations in the antler-topology process. For these distributions, we consider the
production of a spin-0 charged R-type selectron pair ~eR (BR), a spin-1/2 charged R-type
rst KK-electron pair e1R (DR), a spin-1/2 charged wino pair ~W
 (EL) or a spin-1 charged
rst KK-W pair W1 (FL), including ISR, beamstrahlung and width eects as well as the
kinematic cuts in Eqs. (6.127) and (6.128). The initial electron and positron beams are
assumed to be unpolarized. The simulation for each of the decay polar-angle distributions
and azimuthal-angle correlations is based on a xed number of events Nev = 10
4 at the c.m.
energy of
p
s = 500GeV.
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e+e  Spin JP t or u Threshold Production polar-angle
chiralities contributions excitation distribution
0
N 3 sin2 
Y 3 sin2  at threshold
chirality
1=2
N  1 + 1=2 cos
2 
conserving Y  isotropic at threshold
1
N 3 1  1 cos2 
Y  isotropic at threshold
0
N  isotropic
Y  isotropic at threshold
chirality
1=2
N 3= [ S=P ] isotropic
violating Y  isotropic at threshold
1
N  isotropic
Y  isotropic at threshold
Table 6.6: The threshold behavior and the polar-angle distribution of the ECC and ECV
parts of the production process e+e  ! P+P , with [S/P] standing for pure scalar-type
or pseudoscalar-type couplings, respectively. Here, the energy-dependent coecients, 1=2
and 1, take 0 and 3/19 at threshold and they approach 1 asymptotically at high energies,
respectively.
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7.0 CONCLUSIONS
To conclude, we summarize the key results of the many studies discussed in previous chapters,
detailed features of the each analysis can be found in the corresponding sections.
In Chapter 2, we revisit the radiative decays of the Higgs boson to a fermion pair h !
f f where f denotes a fermion in the Standard Model (SM). We include the chirality-
ipping diagrams via the Yukawa couplings at the order O(y2f), the chirality-conserving
contributions via the top-quark loops of the order O(y2t3), and the electroweak loops at the
order O(4). The QED correction is about Q2f  O(1%) and contributes to the running of
fermion masses at a similar level, which should be taken into account for future precision
Higgs physics. The chirality-conserving electroweak-loop processes are interesting from the
observational point of view. First, the branching fraction of the radiative decay h! + 
is about a half of that of h ! + , and that of h ! e+e  is more than four orders of
magnitude larger than that of h ! e+e , both of which reach about 10 4. The branching
fraction of h! +  is of the order 10 3. All the leptonic radiative decays are potentially
observable at the LHC Run 2 or the HL-LHC. The kinematic distributions for the photon
energy or the fermion pair invariant mass provide non-ambiguous discrimination for the
underlying mechanisms of the Higgs radiative decay. We also study the process h ! cc
and evaluate the observability at the LHC. We nd it potentially comparable to the other
related studies and better than the h ! J=  channel in constraining the charm-Yukawa
coupling.
In Chapter 3, we examine the feasibility of a Higgs-charm Yukawa coupling measurement
in the h ! cc channel at the HL-LHC, by proposing an optimal triggering strategy and
simulating realistic detector eects. The existence of an additional photon in the nal state
may help for the signal identication and background suppression. Adopting a rened trig-
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gering strategy and utilizing basic machine learning, we nd that a coupling limit of about
8 times the SM value may be reached with 2 sensitivity after the High Luminosity LHC
(HL-LHC). Our result is comparable and complementary to other projections for direct and
indirect probes of h! cc at the HL-LHC. Without a signicant change in detector capabil-
ities, there would be no signicant improvement for this search from higher energy hadron
colliders.
In Chapter 4, we studied collider probes of two representative scenarios for electroweak
DM, namely an wino-like SU(2)L triplet and a Higgsino-like SU(2)L doublet at three at
three dierent future hadron colliders: the high-luminosity HL-LHC, the proposed 27-TeV
LHC upgrade (HE-LHC) and the 100-TeV FCC-hh/SppC. Future runs of the 14-TeV LHC
are projected to probe masses of around 300 GeV for DM belonging to an SU(2) doublet
(Higgsino-like), and 900 GeV for SU(2) triplet (wino-like). We examine how far this mass
reach can be extended at the proposed 27-TeV high-energy upgrade of the LHC (HE-LHC),
and compare the results to the case for a 100-TeV hadron collider. Following a detector
setup similar to that of the ATLAS tracking system for the Run-2 LHC upgrade, with a new
Insertable B-Layer (IBL), a disappearing charged track analysis at the HE-LHC can probe
Higgsino-like (wino-like) DM mass of up to 600 GeV (2:1 TeV) at the 95% C.L. The monojet
and missing transverse momentum search, on the otherhand, has a weaker reach of 490 GeV
(700 GeV) at 95% C.L. for the Higgsino-like (wino-like) states. The mass range accessible
in the collider searches can be complementary to the indirect detection probes using gamma
rays from dwarf-spheroidal galaxies.
In Chapter 5, we explore the scenarios where the only accessible new states at the elec-
troweak scale consist of a pair of color-singlet electroweak particles, whose masses are degen-
erate at the tree level and split only by electroweak symmetry breaking at the loop level. For
the sake of illustration, we consider a supersymmetric model and study the following three
representative cases with the lower-lying states as (a) two spin-1/2 Higgsino SU(2)L doublets,
(b) a spin-1/2 wino SU(2)L triplet and (c) a spin-0 left-handed slepton SU(2)L doublet. Due
to the mass-degeneracy, those lower-lying electroweak states are dicult to observe at the
LHC and rather challenging to detect at the e+e  collider as well. We exploit the pair
production in association with a hard photon radiation in high energy e+e  collisions. If
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kinematically accessible, such single-photon processes at e+e  colliders with polarized beams
enable us to characterize each scenario by measuring the energy of the associated hard pho-
ton, and to determine the spin of the nearly invisible particles unambiguously through the
threshold behavior in the photon energy distribution.
In Chapter 6, we perform a model-independent investigation of spin and chirality correla-
tion eects in the antler-topology processes e+e  ! P+P  ! (`+D0)(`  D0) at high energy
e+e  colliders with polarized beams. Generally the production process e+e  ! P+P  can
occur not only through the s-channel exchange of vector bosons, V0, including the neutral
Standard Model (SM) gauge bosons,  and Z, but also through the s- and t-channel ex-
changes of new neutral states, S0 and T 0, and the u-channel exchange of new doubly-charged
states, U  . The general set of (non-chiral) three-point couplings of the new particles and
leptons allowed in a renormalizable quantum eld theory is considered. The general spin and
chirality analysis is based on the threshold behavior of the excitation curves for P+P  pair
production in e+e  collisions with longitudinal and transverse polarized beams, the angular
distributions in the production process and also the production-decay angular correlations.
In the rst step, we present the observables in the helicity formalism. Subsequently, we show
how a set of observables can be designed for determining the spins and chiral structures of
the new particles without any model assumptions. Finally, taking into account a typical
set of approximately chiral invariant scenarios, we demonstrate how the spin and chirality
eects can be probed experimentally at a high energy e+e  collider.
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APPENDIX A
FEYNMAN RULES FOR e+e  ! P+P  ! (`+D0)(`  D0)
The initial e+e S0s and nal S0sP+P  currents for the s-channel S0s exchange diagram con-
tributing to the process e+e  ! P+P  with S0s = S0s or V 0s and P  = S p ; F p or V  p can be
parameterized in the following generic form:
JSee  hS0ske (p )e+(p+)i = e v(p+) [sSee+P+ + sSee P ]u(p ) (A.1)
JV ee  hV 0s ke (p )e+(p+)i = e v(p+) [ (sVee+P+ + sVee P )]u(p ) (A.2)
JSSS  hS p (q )S+p (q+)kS0s i = 2eMSp sSSS (A.3)
JSSV   hS p (q )S+p (q+)kV 0s i = e sSSV (q    q+) (A.4)
JFFS  hF p (q )F+p (q+)kS0s i = e u(q ) [sFFS+P+ + sFFS P ] v(q+) (A.5)
JFFV   hF p (q )F+p (q+)kV 0s i = e u(q ) [(sFFV+P+ + sFFV P )] v(q+) (A.6)
JV VS  hV  p (q )V +p (q+)kS0s i = 2eMVp sV VS  (q )  +(q+) (A.7)
JV VV   hV  p (q )V +p (q+)kV 0s i =  e sV VV

(q    q+) (q )  +(q+)
+2q+   (q )+ (q+)  2q   +(q+)  (q )

(A.8)
with the chiral projection operators P = 12(15). In the last expression for the triple-vector
vertex, the on-shell conditions q    (q ) = q+  +(q+) = 0 are imposed.
The ePT interaction vertices T ePT for the t-channel neutral T 0-exchange diagrams in the
production process e+e  ! P+P  with P = Sp ; Fp or V p and T 0 = S0t ; F 0t ; V 0t can be
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parameterized as follows:
T eSF  hS p jF 0t je i = e (teSF+ P+ + teSF  P ) (A.9)
T eFS  hF p jS0t je i = e (teFS+ P+ + teFS  P ) (A.10)
T eFV   hF p jV 0t je i = e  (teFV+ P+ + teFV  P ) (A.11)
T eVF  hV  p jF 0t je i = e  (teVF+ P+ + teVF  P ) (A.12)
and the ePU interaction vertices U ePU for the u-channel doubly-charged U  -exchange dia-
grams can be parameterized as follows:
U eSF  hS+p jF  u je i = e (ueSF+ P+ + ueSF  P ) (A.13)
U eFS  hF+p jS  t je i = e (ueFS+ P+ + ueFS  P ) (A.14)
U eFV   hF+p jV   t je i = e  (ueFV+ P+ + ueFV  P ) (A.15)
U eVF  hV +p jF  t je i = e  (ueVF+ P+ + ueVF  P ) (A.16)
We note that in the present work, negatively-charged (positively-charged) states are treated
as particles (anti-particles), respectively.
The amplitudes for the two-body decay P (q )! ` (p1) D0(p2) and its charge-conjugated
process with P  = S p ; F p or V  p and D0 = S0d ; F 0d or V 0d can be parameterized in general
as follows:
D`FS  h`  F 0d kS p i = e u(p1)[d`FS+P+ + d`FS P ] v(p2) (A.17)
D`SF  h`  S0dkF p i = e u(p1)[d`SF+P+ + d`SF P ]u(q ) (A.18)
D`VF  h`  V 0d kF p i = e (p2)u(p1) [d`VF+P+ + d`VF P ]u(q ) (A.19)
D`FV  h`  F 0d kV  p i = e u(p1) [d`FV+P+ + d`FV P ] v(p2)  (q ) (A.20)
where `  stands for e  or  , which are treated as massless particles in in our phenomeno-
logical spin and chirality analysis at high energy e+e  colliders.
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APPENDIX B
EXPLICIT FORM OF THE d FUNCTIONS
The explicit form of the Wigner d-functions, dJ0; with J0 = max(jj; jj), needed in
the present work is reproduced below [341].
The single d function with J0 = 0 is constant with d
0
0;0 = 1. The d functions with J0 = 1
appearing both in the production and decay processes are given by
d11;1 = d
1
 1; 1 =
1
2
(1 + cos )
d11; 1 = d
1
 1;1 =
1
2
(1  cos )
d11;0 =  d1 1;0 =  
r
1
2
sin 
d10;1 =  d10; 1 =
r
1
2
sin 
d10;0 = cos ; (B.1)
and those with J0 = 2 appearing in the amplitudes for the production of a vector-boson pair
due to t-channel fermion exchange in e+e  collisions read
d21;2 =  d2 1; 2 =
1
2
(1 + cos ) sin 
d21; 2 =  d2 1;2 =  
1
2
(1  cos ) sin  (B.2)
The d functions with J0 = 1=2 appear only in the decay processes and they are given by
d
1=2
1=2;1=2 = d
1=2
 1=2; 1=2 = cos

2
d
1=2
1=2; 1=2 =  d1=2 1=2;1=2 =   sin

2
; (B.3)
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We note that the convention of Rose is adopted for the d function.
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APPENDIX C
ARBITRARY POLARIZED BEAMS
The expression for the matrix element-squared for arbitrary polarized beams is obtained as
follows [336,337]. We denote the transverse polarization directions s^ of the e beams as
s^ = (cos'; sin'; 0) (C.1)
where the azimuthal angles in the x-y plane are measured from the x-axis dened by the
outgoing P  transverse momentum in the production process e+e  ! P+P . We can then
express the e spin vectors as
s = P
T
 (0; s^) + P
L
 (j~pj; Ep^)=me (C.2)
The beam polarizations are limited by 0  P T 
p
1  (PL)2 with  1  PL  1. Purely
left-handed e beams give PL =  1 and purely right-handed e beams give PL = +1. While
natural transverse polarization of the e+e  circular storage ring colliders gives '+ = ' + ,
arbitrary polarized beams are expected to be available at e+e  linear colliders.
We can now obtain the matrix element-squared for the production process e+e  !
P+P  combined with the subsequential P decays with arbitrary polarized e+e  beams
summed over the P polarizations and nal-state polarizations, by choosing the transverse
spin directions as
'  =  ' and '+ =  '+  (C.3)
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where ' is the azimuthal angle of the P  as measured from the electron transverse momen-
tum direction, and  is the relative opening angle of the electron and positron transverse
polarizations. Introducing the abbreviated notation T ( ; +) for the correlated production-
decay helicity amplitude with the implicit assumption that the (averaged) summation over
the intermediate- and nal-state polarizations will be done, we nd for the polarization-
weighted distribution
Ppol =
X
 ;0 
X
+;0+
P  0 P
+
+0+
T ( ; +) T (0 ; 0+)
= 1
4
[(1  PL PL+)(Q+ +  +Q + +) + (PL    PL+)(Q+ +   Q + +)
+ (1 + PL P
L
+)(Q
++
++ +Q
  
  ) + (P
L
  + P
L
+)(Q
++
++  Q    )
+ 2P T P
T
+ cos(2'  ) Re(Q+  +) + 2P T P T+ sin(2'  ) Im(Q+  +)
+ 2P T P
T
+ cos Re(Q
++
  )  2P T P T+ sin  Im(Q++  )
+ 2P T  (1  PL+) cos'Re(Q+   ) + 2P T  (1 + PL+) cos'Re(Q++ +)
+ 2(1 + PL )P
T
+ cos('  ) Re(Q+ ++) + 2(1  PL )P T+ cos('  ) Re(Q   +)
+ 2P T  (1  PL+) sin' Im(Q+   ) + 2P T  (1 + PL+) sin' Im(Q++ +)
+ 2(1 + PL )P
T
+ sin('  ) Im(Q+ ++) + 2(1  PL )P T+ sin('  ) Im(Q   +)](C.4)
where the electron and positron polarization matrices P and the tensor Q
0 
0
+
 + are given by
P0 =
1
2
0@ 1 + PL P T e i
P T e
i 1  PL
1A (C.5)
Q
0 
0
+
 + = T ( ; +)T (0 ; 0+) (C.6)
with the summation over the intermediate and nal-state polarizations implicitly assumed
when the elements of the tensor Q are evaluated. Taking the average of the polarization-
weighted distribution (C.4) over the azimuthal angle ', we obtain

P
pol 
Z 2
0
d'
2
pol
= 1
4
[(1  PL PL+)(Q+ +  +Q + +) + (PL    PL+)(Q+ +   Q + +)
+ (1 + PL P
L
+)(Q
++
++ +Q
  
  ) + (P
L
  + P
L
+)(Q
++
++  Q    )
+ 2P T P
T
+ cos Re(Q
++
  )  2P T P T+ sin  Im(Q++  )] (C.7)
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The last two terms are the only eect of transverse polarization to the azimuthally integrated
cross section.
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APPENDIX D
KINEMATICS OF THE ANTLER-TOPOLOGY PROCESS
When the particles, D0 and D0, escape detection in the correlated production-decay antler-
topology process e+e  ! P+P  ! (`+D0)(`  D0) this process is observed experimentally
as
e  + e+ ! `  + `+ + missing energy-momentum (D.1)
where the nal lepton pair ` `+ can be either one of e e+ or  +, if each lepton number
is strictly preserved in the underlying theory.
As will be explicitly shown below, if the masses, MP and MD, of the on-shell particles,
P and D0 are a priori known, the unobserved D0 and D0 momenta can be determined
from the observed lepton momenta up to a twofold discrete ambiguity, in the limit where
the P width and photon radiation are neglected. In general, the kinematics of the process
is determined by six angles, two for the scattering, and two each for the P decays. Since
we observe the two three-momenta of two leptons, we have in general sucient kinematic
relations for xing the whole conguration. A twofold discrete ambiguity occurs, however,
because the solution involves a quadratic equation.
As the P energy is xed to be half of the beam energy, i.e. EP =
p
s=2 in the e+e 
c.m. frame, the boost factor  linking the c.m. frame to each of the P rest frames is
 =
p
s
2MP
and  =
r
1  4M
2
P
s
(D.2)
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with the boost speed  =
p
1  1=2. In addition, the energies of the invisible particles in
the two-body decays, P  ! `  D0 and P+ ! `+D0, are uniquely determined by measuring
the lepton energies due to energy conservation:
E2 =
p
s
2
  E1 and E4 =
p
s
2
  E3 (D.3)
with E1 = E`  and E3 = E`+ in the laboratory frame.
As the particles, D0 and D0, with an identical mass MD, are involved in the two charge-
conjugate two-body decays, the energies of the two leptons ` are identical in the P rest
frame:
E` =
M2P  M2D
2MP
(D.4)
Then, we can determine the decay lepton polar-angle  in each of the P rest frame with
respect to the P momentum direction depicted in Fig. 6.1 uniquely event by event by
measuring the lepton energy E` in the laboratory frame through the relation
cos  =
1


4M2P
M2P  M2D
E`p
s
  1

(D.5)
when the lepton mass is ignored. Furthermore, the relative orientation of the momentum
vector of ` and P is xed by the two-body decay kinematics:
cos =
1


1  M
2
P  M2Dp
sE`

(D.6)
where the angles  are the opening angles between the visible ` tracks and the parent P
momentum directions.
In order to prove the existence of a twofold discrete ambiguity in determining the produc-
tion angle , it is sucient to solve for the P  momentum direction denoted by a unit vector
n^P  q^  =  q^+. Let us assume, for the moment, that the two lepton three-momentum
directions, denoted by n^, are not parallel. Then we can expand the unit vector n^P in terms
of the unit vectors n^
n^P = an^  + bn^+ + c(n^   n^+) (D.7)
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As shown in Eq. (D.6), the projections of the unit vector along the lepton momentum direc-
tions n^ satisfy
n^   n^P = cos  (D.8)
n^+  n^P =   cos+ (D.9)
These two relations constrain n^P to lie on a line in three-dimensional space. They give
a+ b(n^   n^+) = cos 
a(n^   n^+) + b =   cos+ (D.10)
which can be explicitly solved:
0@ a
b
1A = 1
(n^   n^+)2
0@ 1  n^   n^+
 n^   n^+ 1
1A0@ cos 
  cos+
1A (D.11)
The remaining variable is determined by the condition that the vector n^P is a unit vector,
i.e. n^2P = 1:
c2 =
(n^   n^+)2   (cos n^  + cos+n^+)2
(n^   n^+)4 (D.12)
The sign of c cannot be determined. This explicitly shows the twofold discrete ambiguity
mentioned before. The inequality c2  0 is expected to be violated only by nite P-width
eects and by radiative corrections, and hence may serve as a test of the P-pair signal.
Introducing the vector ~a = cos n^  + cos+n^+, we can rewrite the unit vector n^P as
n^P =
1
(n^   n^+)2
h
(n^   ~a) n^    (n^+  ~a) n^+ 
p
(n^   n^+)2   ~a2 (n^   n^+)
i
(D.13)
determined up to a sign ambiguity.
In the exceptional case where the two lepton momenta are parallel, we obtain a one-
parameter family of solution for which the azimuthal angle between two decay planes is left
undetermined.
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Let us now consider the azimuthal-angle correlations of the decay kinematics. In the co-
ordinate system with the z-axis along the P-momentum direction, the unit vectors denoting
the ` four-momentum directions can be expressed as follows:
~n  = E`  (sin  cos ; sin  sin ; cos ) (D.14)
~n+ = (sin+ cos+; sin+ cos+;  cos+) : (D.15)
Taking the scalar product between the unit vectors:
n^   n^+ = sin  sin+ (cos  cos+ + sin  sin+)  cos  cos+ (D.16)
and noting that cos+ cos  + sin+ sin  = cos(+    ), we can check that the cosine
of the dierence  = +     of two azimuthal angles
cos =
n^   n^+ + cos  cos+
sin  sin+
(D.17)
can be determined uniquely event by event in the correlated antler-topology process. How-
ever, we cannot determine the sign of sin, of which the expression
sin =
(n^   n^+)  n^P
sin  sin+
= 
p
(n^   n^+)2   ~a2
sin  sin+
(D.18)
has a sign ambiguity due to the twofold ambiguity in determining the momentum direction
n^P .
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